NAME: SOLUTIONS
EEE 203 HW 1

Problem 1.
Consider the signal x(t) whose graph is shown below. Sketch the following signals: x(t-
1), x(1-t), RT4[X], where R denotes the reflection operation and T denotes shift delay

operation by tO.
X
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| >
)
A Xx(t1) A x(1-t)
1 ‘ 1
> >
1 2 1 2
A TI1[x] A RT1X]
1 ‘ /‘ 1
> >
1 2 -2 1 2
Problem 2.

Describe the following signals in terms of elementary functions (3, u ,r, ...) and compute
f X(t)5(t -t and j‘” y(t)S(t—D)dt .

X(t)=2u(t-21)—2u(t-23)
yt)=rt-D-2rt-2)+r(t-3)

X(+) +x(1-) _

j_”; X(t)S(t —1)dt = 1

- ywat-a - YY) o
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Problem 1. (4pts)
Consider the signal x(t) whose graph is shown below. Sketch the following signals: x(t-

1), x(1-t), T1R[X], where R denotes the reflection operation and T denotes shift delay
operation by tO.

X(1-t)

Problem 2. (6pts)
Describe the following signal in terms of elementary functions (5, u ,r, ...) and compute

dx(t) .
—y o [ xt+Ds-1t.
X
2
| > dx/clt
1 2 3 t 2

xt)=2ut-D—-r(t-D+r(t-3) T

dx(t) >

T D IR S

f; X(t +1)5(t -1t = j_“; X(L+ 15 (t — Dt

=1 s(t-Ddt=1
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Problem 1. Compute the convolution h*x when x(t) = r(t)-r(t-1)-u(t-1), h(t)=t-1).

X h
T |
>

| 1 1

(u(t) isthe unit step)

Unfortunately, the x(t) shown is a delayed version of the expression: x(t) = r(t-1)-r(t-2)-u(t-2).

(h*x)(0) =[(At-1))*¥ (1) = x(t-1) = r(t-2)-r(t-3)-u(t-3) . T "

| |

Problem 2. !
Consider thefilters:
A. yinl=Xn+1-2Xn]+xn-1]
B. y(t) = J:”let"x(r)dr
1. Find and graph their impul se responses. T hin]

O O

A. hin]=46[n+1]-25[n]+d[n-1] Oo—0O o—0—»
(¥ h

5 YO = j_tfet-f X(r)dr = [~ e~ u(t+1-r)x(r)dr = [~ h(t-7)x(r)de

h(t) = e'u(t +2) Ysep[] ‘

2. Find and graph their step responses. O T
A. Yee[N=u[n+1] - 2u[n] +u[n-1 o C

% ht]
B. Yo (t) = j_t;let_TU(T)dr =u(t +1)J';H1et"dr =u(t+D(e' -e™) T/

o—O0—0—»

3. Which filters are causal ? (Justify)
A. Not causal, h(-1) is not zero.
B. Not causal, h(t) isnonzeroin [-1,0).

4. Which filters are stable? (Justify)
A. Stable sinceit isFIR. h[n] is absolutely summable. (X|h[n]| = 1+2+1 =4 <inf.)

B. Unstable since h(t) diverging implies that f | h(t) | dt diverges.
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Problem 1. Compute the convolution h*x when x(t) = u(t) - u(t-1), h(t)=u(t).

y(t) = Th(t —7)X(r)dr = Tu(t —7)u(r)dr — Tu(t —7)u(r -1dr

- u(t)jldr—u(t -1)j1dr —tu(t) - (t-Du(t —1) = r () - r(t—2)

Problem 2.
Consider thefilters:

A. y[n] =xn] - xn-1]
B. y(®)=[ x(z)dr

1. Find and graph their impul se responses.
A. h(n)=6(n)-o6(n-12)

B. y(t) = Tu(t ~1-7)x(z)dr = h(t) = u(t - 1)

2. Which filters are causal ? (Justify)
A. Causal because h(n) = 0, for all n<0.
B. Causal because h(t) = 0, for al t<O0.
3. Which filters are stable? (Justify)

A. Stable because D" |h(n) [= 2 <«

T—oow

]
B. Unstable because j| h(t) | dt =lim J'ldt , which diverges.
1
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Problem 1. Let x(t) be the periodic signal shown in the figure below (square wave with offset).
Compute the coefficients a, of the Fourier series expansion of x(t).
A

-0.5

Let Xo(t) be the standard square wave (in the Tables), with T=4, T; = 1. Then,
X(t) = 2.5%,(t+1)-0.5

2
FS{X(1)} = 25e T FS[x,(t)} - 0.5FS(1}
Jose"? SNK72  for k20

- kz
3 for k=0

Note: FS{1} =1 for k =0, and O otherwise.
sin® k7
T

Also, the expression for k = 0 can be further smplifiedto 2.5j

Problem 2: Let X(jw) be the Fourier transform of x(t) = e, Find X(jO) and J' X (jw)dw.

Using the definition of the Fourier transform:

X (jO) = Tx(t)e-wdt

—00

- T X(t)dt = ZT edt=1

T X (jw)dw = 27{% TX(]W)ethdW{

Note: Inthiscasg, it is aso possible to compute the Fourier transform of x(t):
F{x()} = F{e™u(0)} + F{e"u(-1)}

} = 272x(0) = 27

t=0

= 1_ + FR{eZu(+t)} = 1_ + RF{e?u(t)} = 1_ +R 1_ = 1_ + 1_ __4
2+ jw 2+ jw 2+ jw 2+ jw| 2+jw 2—jw  4+wW
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Problem 1. Let x(t) be the periodic “sawtooth wave” signal shown in the figure below.
Compute the coefficients a, of the Fourier series expansion of x(t).
A

1

T=1, WOZZT—”zzn

Direct computation : a, :1.[ X(t)dt =%
T <T>

1 Fs{—d"} (k % 0)

jkw, dt

] ~1+1 k=0

FS{x} =

¥ k=0
= FS{x}=1 1 K20
27k

Note: Parseval’s Theorem states TiJ'T |x[?=>"|a, . Applied to our case:
<!> K

< 1 : .
%LTJ XP=3+23> ¥, = jo tdt . Complete the computation to derive the well-known formula
1

for the series 1/K>.
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Problem 1:

Consider the filter with impulse response h(t) = e *u(t).

1. Find the transfer function

2. Sketch the Bode Plot

3. Find the Fourier transform of the output when x(t) = e'u(t)

4. Find the Fourier transform of the output when x(t) = sin(2t)u(t)

5. Find the output when x(t) = e 'u(t) () using convolution, and (b) taking the inverse Fourier
transform of your answer to part 3.

6. Find the output when x(t) = sin(2t)u(t) (a) using convolution, and (b) taking the inverse
Fourier transform of your answer to part 4.

1 H(jw)=

jw+2

2. [H(jw) | \/ﬁ AH(jW):tan‘l(Vzv) (see attached plots)
1 . o 11

3. F{X}=m, YUW):HUW)X(JW):jw+2jw+1

4, F{X = -2 F{sin2* F{u(t)} = —[5(w—2) - 5(w+ 2)]* {_l+7r5(w)}
2 2] jw

1] 1 1 Vs
— - —[o(w-2)-6 2
2[W+2 W—2}+2j[ (W=2)=o(w+2)]
. . . 1] 1 1 1 1 Vs 1
Y(jw) = H(jw) X(jw) == - —|—06(w-2) - o(w+2
(W) (WX (W) 2{W+2jw+2 w—2jw+2}r2j{j2+2 ( ) —-j2+2 (w+ )}

o

y(t) = (h* X)(t) = Te‘z‘“”u(t —7)eu(r)dr = e""tu(t)jefdr =[e" —e*]u(t)

=F‘1{Y(J'W)}=F’1{ 1 1 }zF‘l{ -1, 1 }:—e‘z‘u(t)+etu(t)

jw+2 jw+1 jw+2  jw+1



6. Y= (h* (0= [&*Iu(t - r)sin2r)u(r)dr — e *u() [ e* [e';f]}df

e u(t)| e® —1_8(2’2“‘ ~1] u@ @2t _ g2 _e—zjt _e?
2j 2+ 2] 2-2] 2j | 2+2] 2-2]
g2t _ g2t
= 3”{ }U(t) 3Im= Imaginary part
2+2j
=%[e’ —cosZt+sin2t}J(t)
: 1 1 1 1 1 . 1
:FilY :F717 _ F7177 _2 6 2
RS {2[W+2jw+2 W—2jw+2}}Jr {ZJL s(w )+j2—2 (w+ )}}
et 11 T swe2 - sw+2)
2 jW+2j jw+2  jw-2j jw+2] | -2+2j 2+2]
. . . -1 . o\ -1 . .\ -1
| LSl [ D A2 Y[ ) U VA S VP
"2 W+ 2] jw+ 2 jw—2]j jw+ 2 2j-2 2j+2
- o
L 1 - ! +mo(W+2) |+ ,1 - 1 + 75(W—2) +(2+21). +(2-2j)
2 2]_ ](W+2) 2]—2 ](W—Z) JW+2
1 1 1
- e JZlut eJZlut 2Re(2 + 2 -1 —2tut
2{ 2j-2 ()+2J 2 () +2Re(2+2]) "e ()}
j2t —2t
= gtel° ®__lu Re= Real part
2j - 2 2]

=1 [e‘2t —cos2t +sin 2t}1(t)

Bode Diadram

M agnitude (dB)
o
T
1

-30 ]

-60 ]

Phase (deg)

= L L 1 L L TR |
o 10° 10
Frequency (radfzec)

|/
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Problem 1:

Consider the filter with impulse response h(t) = 2e'u(t) .

1.(1pt) Find the transfer function

2.(2pt) Find the Fourier transform of the output Y(j @) when x(t) = 3sint
3.(2pt) Find the output y(t).

2

1. H =
(Jo) = jo+1

X(jo) =T[5(w—1)—5(w+1)] = Y(jo)=H(jo)X(jo) =

2 3 2 3r 2
2. Y(Jw)_lff)—+_[5( w-1)-6(w+1]= 1—— S(w—-1) -~ (CD+1 |

=J6—”5( o-1)+ ?—5( 0+1)

yt) = F*{Y(jo)j= Z‘ReF‘l{f_ﬁé( —1)} 127r en % ‘

Jt+14—
j-1 27
1 L e . .
3. = §—jcog ttan ' ~180 = 3J2sin(t - 45°)

ALT.y(t) = H(jo)|  [(Qsint+2H(jo)| ]1=3V2sn{t-tan™ %) = 3J2sin(t - 45°)

Problem 2:
. , s sin2t
Consider the filter with impulse response h(t) = .

1.(1pt) Find the transfer function
2.(2pt) Find the Fourier transform of the output Y(j w) when x(t) =sin3t

3.(2pt) Find the output y(t).

L H(jo) = rlu(@+2) - u(@-2)]

X(j0) = 1503 - 50 +3] = Y(jo) = H(i0)X (o) =
Y(je) = alu(+2)-u(@-2) 7[00~ - 5(+ 3] =0

3. yt)=F " {Y(jw)}=F*{0}=0
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Problem 1:
Find the largest sampling interval Tsto allow perfect reconstruction of the signals:
(NOTE: h*x denotes convolution of h and x)

1 sin2t, sint
t t
F{su:Zt*st_”t}: F{SFZ}F{SL_N} — {u(w+2) - (0 - 2 (o +1) - (o -1)
= 7% {u(w+1) - u(w-1)}
= max.freq.=1rad/s, Nyquist freq.= 2 rad/s, min.samplinginterval =T, = 2z = 27 =r
2a)max a)Nyq
sin’t
2. .
. 2 . .
t 2r t t 2r
=%{r(a)+2)—2r(a))+r(a)—2)}
= max.freq.= 2 rad/s, Nyquist freq.= 4 rad/s, min.samplinginterval =T, = n__ 2w 7
20 Ong 2
3, S't—m*sinZt
F{S't—m*sin z}: F{S‘t—nt}F{sinZt}:{ﬂu(aHl)—ﬂu(a)—l)}{z_5(a)—2)—£,5(a)+2)}
J J
=0
. . — 2r 2r
= max.freg.=0rad/s, Nyquist freq.= 0 rad/s, min.samplinginterval =T, = = =0
2a)max a)Nyq

i.e., the zero or any constant function can be sampled with arbitrarily largesamplingintervals

Problem 2:
For a sampling process with rate 1ms, what is the cutoff frequency of the ideal low-pass filter
needed for reconstruction?

The filter cutoff frequency should be the same as the maximum allowed signal frequency:

T, =1Ims= 2w, :?I_—” = @, =10007 rad/s=500Hz.

S
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Problem 1:
Find the largest sampling interval Tsto alow perfect reconstruction of the signals:
(NOTE: h*x denotes convolution of h and x)

sin2t

1. * cost .

F{Si: 2t cost} = F{Sitht}F{cost} = {mu(w + 2) - (@ — 2 {7 (w0 —1) + 75 (@ + 1)}

= 72{5(w-1) + 5 (0w +1)}

= max.freq.=1rad/s, Nyquist freq.= 2 rad/s, min.samplinginterval =T, = L 2z =7
.

max a)Nyq

sint
2. t—cosZt.

F{ﬂcosﬂ} - F{ﬂ}* Fleos2t) =~ {au(o-+1) - (@ -1 }* {r8(0—2) + 76(0+2)}
t 2r t 2r

:%{u(a)—l)—u(a)+3)+u(a)+3)—u(a)+1)}

= max.freq.= 3rad/s, Nyquist freq.= 6 rad/s, min.samplinginterval =T, = T 2r =
a

ﬁ
3

max a)Nyq

Problem 2:
The frequency spectrum of asignal is shown in the figure below. Determine the sampling rate
and the cutoff frequency of the ideal low-pass filter needed for reconstruction.

S The maximum frequency in the signal is approximately 4
Hz, or, 4(2n) rad/s. Therefore maximum sampling time, to

/’/ \/‘\ allow reconstruction, isn/8 n = 1/8 s. (=1/2f max)
]
>

| | |
1 2 3 4 Hz Theideal low-passfilter cutoff isthe same as the maximum
frequency inthe signal, w. = 8 n rad/s= 4 Hz.
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