EEE 203, HW 1 NAME: SOLUTIONS____

Problem 1.

Consider the signal x(t) whose graph is shown below. Sketch the following signals:
x(t+2), x(2-t), RT1[x], where R denotes the reflection operation and Ty, denotes shift
delay operation by t0.

X(t+2) x(2-) RT_1[x]

v

-1 ! 1 ! 1 2 -3 -2 !

Problem 2.
Describe the following signals in terms of elementary functions (3, u ,r, ...) and compute

[ x®s(t-3)dt and [~ y(t)s(t-2)dt.

v

x(®)=rt—-1)—r(t—3)—2u(t—3)
Jx@®)8(t —3)dt = w =1
y@®) =r({t—1)—r(t—2)—u(t—3)
[y2") +y(27)]

[ y(©)8( - 2)dt =——————==1



EEE 203, HW 2 NAME:

Problem 1. Compute the convolution h*x when x(t) = u(t-1)-r (t-1)+r(t-2), h(t)=o(t-1).

X h

! g 1
(u(t) is the unit step, r(t) is the unit rap)

(h*sx)®) =u(t—2)—r(t—2)+r(—3),0r

1
I L 2
Problem 2. Consider thefilters
Loylt]=x(t+1)—x(t—-1) "
2.y(t) = f_to_ol e ™tx(r)dt 1

1. Find and graph their impul se responses.

1
1L ht)=6(t+1)—-86(t—-1) I

2.y(t) = f_to_ol e s (1)dr = f_t;le‘°+t6(r)dr =et f_to_o15(r)dr =etu(t—1) pp

2. Find and graph their step responses.
L h)=ult+1)—ult—-1) 1

2.y(t) = f_to_ol e "tu(t)dr = etu(t— 1) fot_le‘TdT =[et —elu(t—1) 4
y
3. Which filters are causal ? (Justify) J
1. Non-causal because h(t) # 0, for somet <O.

2. Causal because h(t) =0, fordl t <O.

4. Which filters are stable? (Justify) y2
1. Stable because [ |h| = 2 <
2. Unstable because [ |h| diverges. —
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Problem 1: Let x(t) be the periodic signal shown in the figure below (sawtooth wave with
offset).
Compute the coefficients a, of the Fourier series expansion of x(t).

A

/\/\ l//]l//l/o.g,/\l//\l//\l// "

1

The derivative of x is% = 1.5 -, 1.56(t — n). From the tables, the Fourier series (FS)
coefficients of theimpulsetrain are a;, = —1.5(1), Vk. Then, the FS coefficients of x, say b, are

. 1 21 -1.5
givenby by, = Tewe Qe k+0, wy= - Thus, by, = o k #+0.

For k = 0, we compute the FS coefficient directly from the definition, b, = %fT x(t)dt = — % +

2 3 1
_=_=>b0=_
6 12 4

Problem 2: Let X(jw) be the Fourier transform of X(t) =e ™. Find X(j0) and IwX(jw)dw.

From the definition of the Fourier transform and itsinverse, X(j0) = [ x(t)e /°tdt =
Je t=2ldt =
X(@jo) = 2.
On the other hand, %(0) = — [ (jwx(w))e™dw = [ wX (jw)dw = —an%(O) -
[wX(jw)dw = —2mje 2
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Problem 3:

Consider the filter with impulse response h(t) = e “Pu(t -1).

1. Find the transfer function and sketch the Bode Plot

2. Find the Fourier transform of the output when x(t) = e 'u(t) and when x(t) = sin(t)

3. Find the output when x(t) = e 'u(t) (a) using convolution, and (b) taking the inverse Fourier
transform of your answer to part 2.

*jW

1. H(jw)=e ™F{e'u(t)} = .e
jw+1

. 1 . w
H(jw) | , ZH(jw)=—tan™| —|—-w (corner frequency at 1
[H(jw) | R (jw) (J ( equency at 1)
In MATLAB,
>> H=tf(1,[1 1])
>> H.iodelay=1
>> bode(H)
Bode Diagram
0 T T T
5+ -
10+ -
g -15f -
é 201 —
§-25— —

30+ -

.35 -

-40

-180

-360

Phase (deg)

-540F

-720k 1 R | 1 Ll 1 R | 1 M=
1 0
10 10 10
Frequency (rad/s)




2.

—jW

Exponentialinput:F{x}:#, Y(jw) =H (jw) X (jw) =— 5
jw+1 (jw+2

Sinusoid input : F{x} = F{sint} :%[5(W—1) —o(wW+D],Y(jw) =H (jw) X (jw) =

=]
T8 sw-p-——2

jli+l — ]

i
15(W+l)} (evaluateH(jw) at the sin frequency)
+

3. y(t)=(h*x)(t) = Te““l"’u(t —1-7)e"u(r)dr =e “Pu(t —1)Te°dr = (t-De “Pu(t-1)

P I B 1
=F H{Y(jw}=F {(jw+1)2}_|: {(jw+1)2}

= te"u(t)|H = (t-1e “Pu(t-2)

t-1
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Problem 1:
Find the largest sampling interval Tsto allow perfect reconstruction of the signals:
(NOTE: h*x denotes convolution of h and x)

1 sn2t, sin3t
t t

5 sint +S|n2t
t 2t

3, S't—”t*sinn

Solutions using either the shortcut estimates of the max frequency or afull computation of the
Fourier transform of the composite signals are acceptable.

1. Using the shortcuts, w,,, = min(W;,1, Wipnz) = an—d =T, < gs. The same answer is obtained

by performing the Fourier transform of the composite signal (multiplication of two pulsesin the
frequency domain).

2. Using the shortcuts, w,,, = max(Wy,1, Wy) = 2% =>T, < gs. The same answer is obtained

by performing the Fourier transform of the composite signal (summation of two pulsesin the
frequency domain).

3. Using the shortcuts, w,,, = min(w,,1, Wp,2) = 1 r‘;—d =T, < %s. Thisisonly aconservative

estimate in this case (i.e., this sample time is guaranteed to work but larger times are possible).
By performing the Fourier transform of the composite signal (multiplication of a pulse and two
impulses in the frequency domain) we have no overlap between the two signals and a product
whichisidentically zero. Hence, the actual upper bound for T isinfinity (i.e., any sampling time
would work).

Problem 2:

For a sampling process with sampling time 1ms, what is the cutoff frequency of the ideal low-
pass filter needed to avoid any aliasing effects and what isthe ideal low passfilter for
reconstruction?

Sampling at 1ms, i.e., afrequency of 1000Hz, allows recovery of signals with maximum
rad

frequency 500Hz = 500(2m) = 3142 — This should be the cutoff frequency of the ideal low-
pass filter used to pre-process the analog signal to avoid adliasing (anti-aliasing filter). It should

also be the cutoff frequency of the ideal low-pass filter used for reconstruction of the maximum
possible range of signals. The reconstruction filter can be defined by:

=le—3), for|w| < — (or Z
T(= 1le — 3) lw 3142”S‘d 500Hz) |

0 otherwise
0.001sin(3142t)

t

- Itsfrequency response H(jw) = {

- Itsimpulseresponse h(t) = F"Y{H(jw)} =
(Either one is acceptable).
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Problem 1: Consider the continuous time causal filter with transfer function

H(s) = s+1
(s+2)(s-1)
Compute the response of the filter to x[t] = u[t]
1 -1 4 -3
- S - 6 6 6
t)=1L 1{ }z 1 —
y(@®) (s+2)(s—1Ds (s+2)+(s—1)+ S

= et + 2etu(o) + Sue
—6e u 6eu 6u()

Problem 2: Consider the continuous time causa filter described by the differential equation
2
d_zy + 1ﬂ +1y =X
dt dt

Compute the steady-state response of thefilter to x[t] = cos[1t + 1]u(t).

1

H = =
)= T3 5¥1~ GG+057,0866)(s + 05 —j0860)
The system is stable (t.f. polesin the LHP), hence the steady-state response is well-defined.

Yss(t) = [H(GD| cos(1t + 1+ £[H(GD]) =
1

1
|j2+j+1|COS( + aano)

= 1cos(t —32.79)
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Problem 1: Consider the causal filter described by the difference equation

1 1
Ml =3yin-1+5{n-1

1. Determine the transfer function

2. Compute the response of thefilter to x[n] = u[n]

3. Compute the steady state responseto x[n] = u[n]

4. Compute the steady state response to x[n] = sin( "71¢) u[n-1]

Note: For a stable system if x convergesto a periodic signal x_s, then y converges to a periodic signal that isthe
system response to the x_s. This can be computed using Fourier theory. A useful simplification is:

X(t) =€’ = y(t) = H(joo, )"

X(t) = cos(@,t) = y(t) = H (j@,) | cos(@,t + ZH (jo, ))

x(n) =e'*" = y(n) = H(e/*)e!"

X(n) = cos(Q,n) = y(n) =| H (") | cos(Q,n+ £H (e"™))
where, H(s), H(z) arethe continuous and discrete system transfer functions, respectively.

For Continuous Time:

For Discrete Time:

1.-1
2

N | =

1. H(z) = P
3

3
~z -~z -z -z

; 1 3 3 B _3, 3
2Y@D=H@ S =rH =g ten oYM =2" {(Zig) ! <_>} -

3 /1\" 3 n 0 1 2

4 (5) um+gum =, =0 o5 ge67]

3. Thefilter is stable since the pole (1/3) has magnitude |ess than one. Hence, the steady-state
response iswell defined. For the constant steady-state, y(n) = H(z = 1) cos On = Z

s

4. ys(n) = [H(e)|sin (an + 2H(e7)), Q= 2

y(n) =—--

R
=
—~

Then, y,s(n) = 2 sin <1£6n — atan %i) = 0.74 sin (1£6n — 170)
3

16

Problem 2: Consider the discrete time causal filter with transfer function

H(2) = z-1
(z-0.8)(z+0.9)

Compute the response of thefilter to x[n] = u[n]

VA Z
YA =H@) 7 = 08+ 09)
08 99 0.477 0.53z
o 17 17 _ (0 '
y() =274z (z—0.8) * (z+0.9) = 1{(z—0.8) +(z+0-9)}

y(n) = (0.47)0.8"u(n) + (0.53)(—0.9)"u(n) = [;;] _ [0 1 2 3 4 5

0 1 -01 073 -0.15 0.54

]
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Problem 1.

Consider the signal x(t) whose graph is shown below. Sketch the following signals:
x(1-t), T1R[X] , where R denotes the reflection operation and T denotes shift delay

operation by t0.
1 M

! 1 2

v

1 x(1-t) 1 R[X] 1 TiR[X]

|12 |12 1 2

v
v

Type equation here.

Problem 2.
Describe the following signals in terms of elementary functions (3, u ,r, ...) and compute

[ x®st-3dt and [~ yt)5(t-3)ct.

2 y
1

n n
I g I g

1 2 3 t 1 2 3 t

x(t) =rt) —r(t —2) —2u(t — 2), [x@®)6(t—3)dt =x(3) =0
y@® =r@®) —rt-1)-ut-2), [y®)st-3)dt=y3)=0
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Problem 1. Compute the convolution h*x when h(t) =u(t 1), x(t) =u(t+2) —u(t + 2) .

We have shown that u * u = r. Then, by time invariance,
hsx=u(t—1D)*ut+1D)=ult—D*ut+2)=rit)—rt+1)

Problem 2.
Consider thefilters:

t
A Y = | X(@)dr
8.y = [ x(z+Dde
1. Find and graph their impul se responses.

Ah@®) = [ s@dr= [ 8(@)dr— [ §(1)dr = u(®) —u(t - 1)

B.h(t) = [°_&(t+ Ddr = [ §(x)dr = u(t + 1)
2. Which filters are causal ? (Justify)

A iscausal because h(t) = O for t<O.
B is not causal because h(t) assumes nonzero values for some t<0.

3. Which filters are stable? (Justify)

Aisstablebecause [ |h| =1 < o
B is not causal because h(t) is not absolutely integrable [ |h| = r(t + 1).




EEE203, TEST 3. NAME:___SOLUTIONS
75’, closed books and notes, calculators and transform tables allowed

Problem 1: Consider the filter with impulse response h(t) = e ‘u(t —1).
1. Find the Fourier transform of the output Y(jw) when X(t) = e %u(t)
2. Find the time-domain expression for the output y(t) when X(t) = € 2u(t)

_]‘W

H(jw) = F{eCt 1Dyt — 1)} = %F{e‘(t‘l)u(t -1} = e:W Fle tu(t)} = m;
. . . . e_]W
XGw) =jw +2 = Y(w) = HGw)X(jw) = e(jw + D(jw + 2)
i) — e~ v e v 1 -1
(]W)_e(jw+1)(jw+2) PFE e ((jw+1)+(jw+2)>

1o 1 -1 _1 -2t
> y(©) =S F {((].W T ow 2))}t_1 =~ {(e™u(®) — e U}
= %(e‘(t‘l)u(t - 1) — e 2Dyt — 1))

d
Problem 2: Consider the continuous time causal filter described by the differential equation d—st/ + 3y = ax,

where a is an adjustable parameter.
1. Find the magnitude and phase of the frequency response of the filter.
2. Compute the value of a so that steady-state response of the filter to x[t] = cos[t]u(t) has amplitude 1.

a4 al . LW
© =53 MW= Him=ca-anry
The steady state response is y(t) = |H(j1)| cos(t + £H(j1)). For the amplitude to be 1, we should have
a=VI+9 =10

Problem 3: Let x(t) be the periodic signal shown in the figure below (square wave with offset).
A

v

-1

1. Compute the coefficients a, of the Fourier series expansion of x(t).

2. Compute the coefficients by of the output of an ideal lowpass filter H with cutoff frequency 1.57, and input x.
The standard square wave in the tables has x, (t) < a = 751“';2’0“

1. In terms of the standard square wave, w, =, T; = 0.5

. km
_Jkm SIN 5=
x(6) =2x,(t = 0.5) —loa, =2e" 2 —=

; =0
km %o

2. By the filtering property, b, = H(jkwg)a, = H(jkm)a,. Since the ideal low passis 1 for |w| < 1.5, or |k| <
1.5, and 0 otherwise, we have

. km
jkm Sin—-
b, =2e 2
k ¢ km

,fork =+1; b, = 0 otherwise
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CLOSED BOOK & NOTES. TRANSFORM TABLES ALLOWED. 30

Problem 1:
Find the largest sampling interval Tsto allow perfect reconstruction of the signals:

(NOTE: h*x denotes convolution of h and x)

sin(t) N

1. e tu(t).

sin(t)

2.

cost

Using the shortcuts:
For convolution, fy,, = min (fyyq1, fuygz)- Thefirst signal isbandlimited to 1 rad/s, (wyyq1 =

2)and the second is not bandlimited (wy,,q, = o). Hence, wy,,q = 2,Ts < 27" = TI.

For modulation, fy,q = (fnyq1 + fnyqz)- Thefirst signal isbandlimited to 1 rad/s, (Wyyq1 =
2m T

2)and the second is bandlimited to 1 rad/s (wyyq, = 2). Hence, wyyq = 4,Ts < - = -

Problem 2:
The frequency spectrum of avibration signal is shown in the figure below. Determine the
sampling time constraints to avoid aliasing.

-3

% 10

U5 T T T T

hlagnitude

£ : : : :
1] 2000 4000 G000 8000 10000
frequency (Hz)

The signal is practically bandlimited to 7kHz (approximately). Hence, T, < ﬁ = 0.071ms.
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CLOSED BOOK & NOTES. TRANSFORM TABLES ALLOWED. 30’

Problem 1: Consider the continuous time causal filter with transfer function

S
H = 62650

Compute the response of the filter to x(t) = u(t).

-1 1 0}

-1 S _7-1 —
ﬂ”:L{@+m@+DJ‘L{@+D+@+D+S

= —le ?tu(t) + le tu(t)

Problem 2: Consider the continuous time causal filter described by the differential equation

2
L DL AV WP L
dtz  dt dt

Compute the steady-state response of the filter to x(t) = sin(2t)u(t) + u(t).

25+ 2 s+1

B = o 2571 G+ 05+705)(s 405 =05
The system is stable (t.f. polesin the LHP), hence the steady-state response is well-defined.

Yss(0) = |[H(2)[sin(2t + £[H(2)D + H(jO)(1) =

= 2|j2+1| in (2t + at 2 t 4 180° +2—
Sz za g (Bt HaEny matn = ) +1=
WETT 4 /4
= ————sin (2t + atan2 + atan=—180°) + 2 = |—sin (2t — 86.8°) + 2
V49 + 16 ( 7 ) 13 ( )

= 0.55sin (2t — 86.8°) + 2
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Problem 1: Consider the causal filter described by the difference equation
1 1
nj=—=yn-1+—-xn-1
yin] 2y[ ] 4><[ ]

1. Determine the transfer function
2. Compute the response of thefilter to x[n] = u[n]
3. Compute the response to x[n] = Jn]

4. Compute the steady state response to x[n] = sin( "71¢) u[n-1]
Note: For a stable system if x convergesto aperiodic signal x_s, then 'y converges to a periodic signal that isthe
system response to the x_s. This can be computed using Fourier theory. A useful simplification is:

X(t)=€"" = y(t) = H(jo,)e""

X(t) = cos(@,t) = y(t) = H (j@,) | cos(@,t + ZH (j o, ))

x(n) = e'*" = y(n) = H (e )e"

X(n) = cos(Q,n) = y(n) =| H (") | cos(Q,n+ £H (e"*))
where, H(s), H(z) arethe continuous and discrete system transfer functions, respectively.

For Continuous Time:

For Discrete Time:

1.H(Z):£:ZE1
20 =) 5 = i =y o) v = {(i)ﬂf—zn}:

n

y(n)f—%e) um) +3 u("):’[yn] [8 0125 0375

3.y(2) = H(z) (1) =ﬁ:y(n) =z! {ﬁ} =
2 2/ nen—-1

1,1\" ! n 0 1 2
ym) = Z(E) un -1 = [yn] - [0 025 0.125 -
4. Thefilter is stable since the pole (1/2) has magnitude | ess than one. Hence, the steady-state responseis
Vs

well defined and y,,(n) = [H(e/*)|sin (Qn + 2H(e?)), 0 ==

Then, y;s(n) = - fz : sin(”6 — atan COS:EES) 2) = 0.482sin (Zn - 22.1°)
JleosE)-4F o)
Problem 2: Consider the discrete time causal filters with transfer functions
z-1 z-1
H,(2) = , Hy(2) =
(z-0.9)(z+0.8) (z+0.9)(z+1.8)

1. Determine their stability properties.

2. Compute the response of thefiltersto x[n] = u[n]

1. The poles of H1 are 0.9, -0.8, both are less than 1 in magnitude, so the system is stable. The poles of
H2 are -0.9, -1.8, the second has magnitude greater than 1 so the system is unstable.

1 1 1 1
_ Z _ z _ 17 17 _y-1)_17° Al
2.y1(2) = H,(2) 71 z-09)z+08) ~ <(z—0.9) + (z+0.8)> =) =2 {(2—0.9) + (Z+0.8)} -
—(0.9)™u(n) ——=(-0.8)"u(n) = , 1, 0.1, 0.73, 0.145, 0. L
= (0.9)"u(n) — = (~0.8)"u(n) 0, 1, 0.1, 0.73, 0.145, 0.5401
2.v,(2) = Hy(2) = = z — 5 ™ + 55 =y,(n) = Z 057 + —os” _
- V2 2 z-1 (2+0.9)(z+1.8) (z+0.9) ' (z+1.8) Y1 (z+0.9) ' (z+1.8)

0—19(—0.9)”u(n) —0—19(—1.8)”u(n) =1[0, 1,—2.7, 5.67, —10.935, ...]
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Problem 1: Consider the continuous time causal filter with transfer function

H (S) = LZ
(s+1)(s-2)

Compute the response of the filter to x(t) = u(t)

s+2 (46 1/3 -1
(S+1)(s—2)s}_ 1{(5—2)+(s+1)+T}

4 1
= geZtu(t) -+ 3¢ tu(t) — u(t)

y(t) = L*{

Problem 2: Consider the continuous time causal filter described by the differential equation

d?y . dy
+1—+4y=Xx
dt? = dt y

Compute the steady-state response of the filter to x(t) = cos[2t + 1]u(t).

H(s) = 5———
s“+s+4
The system is stable (transfer function poles or roots of the denominator are (—1 + V1 — 16)/2
areinthe LHP, i.e., have negative rea parts), hence the steady-state response is well-defined.
Yss(t) = [H(j2)| cos(2t + 1 + £[H(2)]) =

1 1 1 1
= |(],2)2_1_],2_1_4|cos (2t+1—atan6) = 5cos (2t+1—atan6) =

1
= Ecos(Zt —32.79)




EEE 203, HW 4 NAME:  SOLUTIONS_

Problem 1:
Find the largest sampling interval Tsto allow perfect reconstruction of the signals:
(NOTE: h*x denotes convolution of h and x)

1 sin4t, sin5t
4t 3t

5 smt+sm22t
t t

3, S't—m*sjnst

Using the shortcut method, we compute the Nyquist rates (2 x max signal frequency) of the
individua signals and then estimate the Nyquist rate of the composite signal:

; 2n b4
N
2. Wy = 2, Wy = 0 = Wy = max(le,WNz) =00 > Ts =0
; 21

3. Wyy =2,Wyp = 10 2 wy = min(Wyq, Wyp) = 2= T, = Z=n

Note: In fact, adirect computation of #3 shows that the resulting signal is 0, hence any
sampling rate can be used. Thisis consistent with our understanding of the shortcut
method producing conservative estimates of the sampling rate.

Problem 2:

For an ideal sampling process with sampling time 5ms, determine the cutoff frequency of the
ideal low-pass filter needed to avoid any aliasing effects. Design an ideal low pass filter for
reconstruction. What is the maximum frequency of signals that can be sampled and reconstructed
with this system?

With a sampling time of 5ms, the sampling frequency is 200Hz so the maximum signal
frequency that can be recovered after sampling and reconstruction is 100Hz. Then, the cutoff
frequency of the ideal low-pass Anti-Aliasing Filter is 100Hz, (or less). The reconstruction filter
should have amplitude T = 0.002 and cutoff frequency 100Hz. The maximum frequency of
signals that can be reconstructed is also 100Hz.
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Problem 1: Let x(t) be the periodic signa shown in the figure below (sawtooth wave with
offset and shift).
Compute the coefficients a, of the Fourier series expansion of x(t).

A

N NANANANA L

1

-0.

The derivative of x is% =15-),156 (t -n+ g) From the tables, the Fourier series (FS)
coefficients of the shifted impulse train are a;, = —1.5(1)e/*?™/3,vk. Then, the FS coefficients

. 1 2 -15 ;
of x, sy by aregivenby by = ———ay, k # 0, wo = T” Thus, by, = Eeﬂ‘znﬁ, k # 0.
For k = 0, we compute the FS coefficient directly from the definition, b, = %fo(t)dt = —é X

1 1 2 1 3 1
-X=-4+=X1X-===by=-
2 2 3 2 12 4

Problem 2: Let X(jw) be the Fourier transform of X(t) = €™ Find X(jo) and IWX(jW)dW.

From the definition of the Fourier transform and itsinverse, X (j0) = [ x(t)e/°dt =
[ e 2lt+tge =

X(j0) = 1.
On the other hand, % (0) = (jwX(jw))e/*°dw = [ wX(jw)dw = 2]—,”%(0) =

(2]—”) (=273 >
[wX(jw)dw = 4mje=?

Problem 3:

Consider the filter with impulse response h(t) = e ***Pu(t -1).

1. Find the transfer function and sketch the Bode Plot

2. Find the Fourier transform of the output when x(t) = e 'u(t) and when x(t) = sin(2t)

3. Find the output when x(t) = e 'u(t) (a) using convolution, and (b) taking the inverse Fourier
transform of your answer to part 2.

e~ te W

h(t) = e 2Dyt — 1) = e *e 2Dy (t — 1) = H(jw) = —
jw + 2




w
LH(jw) = —w — tan"li

Bode Diagram

In MATLAB,
>> H=tf(exp(-4)[1 2]
>> H.iodelay=1 i}
>> bode(H) z
g
_ED 1 1
] T =
440 | 4
E? 2880 |- i
E 430 | ]
* sl
700 L AN A o
107 10° 10! 107
Freguency (racizec)
2.
Exponential input: F{d =— . Y(jw) = H(W)X (jw) =& €
’ jw+1’ (jw+1) (jw+2)

Sinusoidinput : F{x} = F{sin 2t} =%[5(W— 2)-o(w+2)],Y(jw)=H(jw) X(jw) =

_2j 2j
=Tt S sw-2)-—
J 2j+2 -2j+2

S(w+ 2)} (evaluateH(jw) at thesin frequency)

0 t-1
3. yt)=(h*x)(t)=e™ J'e’z“’l’”)u(t —~1-7)e"u(r)dr =e ‘e Pu(t-1) j edr=
—® 0
—e*[e ™ —e P ut-1)

:Fl{Y(jW)}:Fl{ _ete }:e“Fl{ . }
(jw+D (jw+2) (jw+D)  (jw+2)

=e[eu(t)  —eu)] ]=e’le? - Put-1)

t-1



EEE 203, HW 2 NAME: SOLUTIONS
Problem 1. Compute the convolution h*x when x(t) = r(t)-r(t-1)-u(t-1), h(t)=ot+1).

X h

I - 1
1

(u(t) isthe unit step, r(t) isthe unit ramp)

A
(h+*x)(0) = (¢ + 1) = r(£) — u(t), or ) Y
1 2

Problem 2. Consider the filters h1
Lyt)=x(t—1)—x(t—-2)
2.y(t) = f_to_ol e ix(t + 2)dt 1
1. Find and graph their impul se responses. h2

1. h(t)=6(t—1)—-6(t—2)

2.y(8) = [T e ™ (r + 2)dr = [ e 8(x + 2)dt = e2*tu(t + 1) -

-1

2. Find and graph their step responses.
1. h(t)=u(lt—1) —u(t—2)
2.y(t) = f_to_ol e "u(t+ 2)dt = etu(t + 1) f_t;e‘fdr = —elle ! —e?Ju(t+ 1)
= —[el —e*2|u(t + 1)

A
3. Which filters are causal? (Justify) vt
1. Causal because h(t) = 0, fort <O0.
2. Non-Causal because h(t) # 0, for some t <O0. N >
4. Which filters are stable? (Justify) 4
1. Stable because [ |h| = 2 < o y2
2. Unstable because [ |h| diverges. /




EEE 203, HW 1 NAME: ___ SOLUTIONS

Problem 1.
Consider the signal x(t) whose graph is shown below. Sketch the following signals:
X(t-2), x(1-t), RT-1[X] , where R denotes the reflection operation and Ty denotes shift

delay operation by tO.

v
v

x(t-2) x(1-t) RT_-1[x]
! 1 2 3 4 . 1 E) 1 -1 0
Problem 2.

Describe the following signalsin terms of elementary functions (3, u ,r, ...) and compute
f x(t)S(t —1dt and f’ y(t)S(t —3)dt .

Nl I

1 2 3 1 2 3

X

v

x(®)=ult—-1) +%r(t -1 —%r(t —3) —2u(t —3)
[x(17) +x(17)] 1

[x(®)8(t — 1dt = e R

y®)=ult—-1)—-rit—-2)+rt—-3)

[y®)8(t - 3)dt = w _ 0



EEE 203, Test 6 NAME:___ SOLUTIONS

Problem 1: Consider the causal filter described by the difference equation
1 1

n+1 =—=y[n]+—=xn-1

yin+1 2y[] 4><[ ]

1. Determine the transfer function

Taking z-transforms of both sides,

1 1 -1 Y(z) 4
2¥(2) =2Y(2) + 42 X(Z):H(Z)éx(): -
?z(z-3)
2. Compute the response of thefilter to x[n] = u[n]
X(2) = z—1

1 1 1 _1

Y(z) = —2 Z__ 4 __2 . "2

Z(Z—%)Z_l (Z—l)(z—%) (z—-1) (Z_%)
n-1

1 1/1
y(n)=§u(n—1)—§<§> u(n—1)

Problem 2: Compute the steady-state response of the following discrete-time, causal filtersto
x[n] = u[n-12]:

Z+2

_z+2 v .
D205 e s Hy(e®)e/®™ = Hy(1) = 2

Hl(z) =

z-1

, Unstable, steady-state is not well-defined
(z+2)(z+0.8)

Hz(z) =

z-01
(z-05)(z-0.8)

H,(2) = Stable, ygs(n) = Hy(e/°)e/ = H;(1) =9

z-10

————, Unstable, steady-state is not well-defined
(2(z+2)

H4(Z) =



EEE 203, Test5 NAME:__SOLUTIONS
CLOSED BOOK & NOTES. TRANSFORM TABLES ALLOWED. 30’

Problem 1: Consider the continuous time causal filter with transfer function

S
1= a6

Compute the response of the filter to x(t) = u(t) — u(t-1).

Y(t) = yo(t) — yo(t — 1), where, y,(t) = L1 {H(s) g} the step response.
ys(t) = L1 {;} = L_l{ ~ + : } =—Zle 3ty + ietu(t) =

(s+3)(s—1) (s+3) (s—1) 4

y(t) = —%e‘”u(t) + %etu(t) — (—%e‘““”u(t -+ iet_lu(t -1)

Problem 2: Consider the continuous time causal filter described by the differential equation
2

2d—2/ + &

dt dt

Compute the steady-state response of thefilter to x(t) = sin(2t-3)u(t-3) + u(t-2).

+8y = 2x+4%
dt

H(s) = ———. Its polesare(_li— /i-%28)
252+5+8 2-2

steady-state response is well-defined.

and have negative real parts, so the systemis stable and the

The steady-state input issin(2t — 3) + 1.
The steady-state output is H(j2) sin(2t — 3 — 2H(j2)) + 1- H(jO) = 4.12sin(2t — 3 — 14°) +§
= 4.12sin(2t — 3.245) + 0.25



EEE 203, TEST 4 NAME: SOLUTIONS
CLOSED BOOK & NOTES. TRANSFORM TABLES ALLOWED. 30’

Problem 1:
Find the largest sampling interval Tsto allow perfect reconstruction of the signals:

(NOTE: h*x denotes convolution of h and x)
1. sin2t x e 3tu(t): wy = 2(min(2,0)) =4 = T, = %" = g

sin(t)

2. xcost: wy =2(min(1,1))=2= T, = %ﬂ =7

3. —Cost(t) sin(t) = —Sint(t) cos(t): wy =2(sum(1,1)) =4= T, = %ﬂ =§

Problem 2:

The frequency spectrum of avibration signal is shown in the figure below. We would like to
sample and analyze the spectral peaks around 3kHz but our computer can only support sampling
rates up to 8kHz. Comment on the feasibility of this objective and describe the ideal components

that should be used in such a sampling system.

15 : : : T

hagnitude

5III 2000 4000 BOOO 8000 10000
frequency (Hz)
To analyze the spectral peaks around 3kHz we need to sample faster than 6kHz (plus any margin
desirable) so the computer has sufficient capabilities, at least in principle. From the given
spectrum, there are componentsin the signal with frequencies higher than Nyquist (4kHz) so we
need to use a good Anti-Aliasing Filter with cutoff frequency below 4kHz, but above 3kHz to
include the interesting portion of the signal. Then, if needed, reconstruct with afilter with cutoff
higher than 3kHz to cover the signal, but below the 4kHz Nyquist frequency of the system. (The
analysis may or may not require reconstruction.)

----2> AAF, 3-4kHz ------ -> SAMPLING 6-8kHz ------ - Analysis---> (if needed,
Reconstruction Lowpass 3-4KHz, amplitude T = 1/3000-1/4000)



EEE203, TEST 3. NAME:__SOLUTIONS
75’, closed books and notes, calculators and transform tables allowed

Problem 1: Consider the filter with impulse response h(t) = e ‘u(t +1).
1. Find the Fourier transform of the output Y(jw) when X(t) = e ®u(t)
2. Find the time-domain expression for the output y(t) when X(t) = e 'u(t)

F jw Jjw
—t — —(t+1) . — e . — . . — e
1L e fu(t+1) =ee u(t+1)->H(w) =e il =>Y({w) = Hijw)X(w) =e GwiDiwes
2.
gy _ -1 elw R 1 _ op-1{_1/2 _1( -1/2
y(©) =FH{YGw)} =F {e (jw+1)(jw+3)} ef {(jw+1)(jw+3)}t=t+1 ef {(jw+1)}t=t+1 +eF {(jw+3)}t=t+1

=e Ee_(”l)u(t +1)— %e‘“””u(t + 1)]

d
Problem 2: Consider the RC filter described by the differential equation ad—)t/ + Y = X, where a is an adjustable

parameter.
1. Find the magnitude and phase of the frequency response of the filter.
2. Compute the value of a so that steady-state response of the filter to x[t] = cos[10t]u(t) has amplitude 0.01.

H . _ 1 yields H . _ 1 H 3 _ 1

1. H(Gw) = @i |H(Gw)| = ——— < (jw) = —tan"*(aw)

2.9(t) = [HGw)| cos(wt + AHOW))%{;} — 0012 a=10
= - vatw2+1),,_10 - -

Problem 3: Let x(t) be the periodic signal shown in the figure below (square wave with offset).

1&

v

-1

Compute the coefficients a, of the Fourier series expansion of x(t).

Several possible approaches, e.g., use & ¥6(t —n...) (two delta trains), from which, F{x} = ,LF {E}, etc.
dt Jkwg dt

Here, we use x,(t) = standard square wave,T = 2,w, =, . Then x(t) = 2x, (t + %) - 1.

i 2 . km i 2j . km 1
Hence, b, = 2a,e/¥™/? = =sin (—) elkm/2 = H gipn2 (—),bo ==[xdt=0.
km 2 km 2 T



EEE 203, Test 2 NAME: SOLUTIONS

Problem 1. Compute the convolution h*x when x(t) = r(t)-u(t-1)-r (t-2)-u(t-2), h(t)=o(t+1)- &t).

(u(t) isthe unit step, r(t) isthe unit ramp)

hxx=xt+1)—x@)=rt+1)—ul®)—r@) —{rit—1) —ult—2)—rt—2)}

Problem 2. Consider thefilters

L y()=x(t+1)—2x(t) +x(t—1)
2.y(t) = f_to_oz e tx(t + 2)dr

1. Find and graph their impul se responses.
2. Which filters are causal ? (Justify)

3. Which filters are stable? (Justify)
11h()=6(t+1)—-26(t)+5(t—1)

2.1 Thisfilter is not causal because h(t) is not zero for some t<0.
3.1 Thisfilter isstable because [ |h| = 4 < o

12 h(t) = [ 2 e ED6(r + 2)dr = e~ Dy(r)

2.2 Thisfilter is causal because h(t) = 0 for al t<0.

3.2 Thisfilter is stable because h(t) is absolutely integrable [ |h| = e =2

h2

< o0,




EEE 203, Test1 NAME:___ SOLUTIONS

Problem 1.
Consider the signal x(t) whose graph is shown below. Sketch the following signals:
x(t+1), T1R[X], where R denotes the reflection operation and T, denotes shift delay

operation by t0.

v

v

Problem 2.
Describe the following signalsin terms of elementary functions (3, u ,r, ...) and compute

[" xst-1dt and [ y(t)s(t-1dt.

x(t) =rt) —r(t—2)—2u(t —2), [x@®)6(t—Ddt =x(1) =1
y() =u(t) —r(t) + ;r(t -1) - %r(t —3) —u(t—3), [y®)ét—-1Ddt =y(1) =0



EEE 203, HW 1 NAME:__SOLUTIONS

Problem 1.

Consider the signal x(t) whose graph is shown below. Sketch the following signals:
2x(t+2), -x(-1-t), RT4[X] , where R denotes the reflection operation and Ty denotes shift
delay operation by tO.

v

i[ 2x(t+2)

., \J L

Problem 2.
Describe the following signalsin terms of elementary functions (3, u ,r, ...) and compute

[ x®s-2)dt and [ y(t)5(t -3t

|VANE

x(t) =2r(t—1)—4r(t—2)+2r(t —3)
[x(@®)6(t —2)dt = w =2
yO)=rit—-1)—-rit—-2)—ult—-3)

[yBH+y(B)] 1

[ y(©)8( - 3dt = ————— ==

v
N
'—\
+—
1

X
A
H
=

v




EEE 203, HW 2 NAME: SOLUTIONS

Problem 1. Compute the convolution h*x when x(t), h(t) are as shown below.
Express both signals in terms of elementary functions and use both an analytical and a
“graphical” approach X

h

1 ‘ 1
| - 1
1
(h+xx) ) =6t—D*[r@t)—rt—-1D)—-ut-D]=rt—-1)—r(t—2) —u(t—2)

y
- > hi

Problem 2. Consider the filters

Lylt)=x(t+1)—x(t—-2)

2.y(t) = f_to_ol e ™x(t + 1dt h2

v

1. Find and graph their impul se responses.
1 @) =6+1)—-6(t—2)
2. h,(t) = f_t;le‘”t6(r + 1dt = f_to_ol ett5(t+ dr =ettu(t + 1 —1) = e tu(t)

v

1
2. Find and graph their step responses. Y
L yt)=ult+1)—u(t—2)
2.y,(t) = f_to_ol e "ttyu(t+ 1)dr = et f:l e "dru(t—1+1)
= —et[e D —elu(t) = [et™ -et]u(t)
y2
3. Which filters are causal ? (Justify)
(2) isnot causal because h,(t) # 0 for somet < 0
(2) iscausa because h,(t) =0 forallt <0 1

4. Which filters are stable? (Justify)
(1) is stable because [ |h,(t)|dt = 2 < o0
(2) is not stable because [ |h,(t)|dt diverges



EEE 203, HW 3 NAME:__ SOLUTIONS

Problem 1: Let x(t) be the periodic signa shown in the figure below (sawtooth wave with
offset and shift).

Compute the coefficients a, of the Fourier series expansion of x(t).
A

N AN

-1 1

The derivative of x is% = % —>n(3)6(t — n + 1). From the tables, the Fourier series (FS)
coefficients of the shifted impulsetrain are a;, = —3(1/2)e/*2™/2, vk. Then, the FS coefficients

. 1 2 3 1
of x, sy by aregivenby by = ———ay, k # 0, wo = ?” Thus, by, = Ee”‘", k # 0.

For k = 0, we compute the FS coefficient directly from the definition, b, = % fT x(t)dt =

1 3 1 1
[ Zt+-dt ==
27T 2 2 2

Problem 2: Let X(jw) be the Fourier transform of X(t) = €™ Find X(j0) and _[ jwX (jw)dw.

From the definition of the Fourier transform and itsinverse, X(j0) = [ x(t)e/%tdt =
[e 2tdt =
X(jo) = 1.
&y =L [ (i ; jwo ; — 2max 4y —
On the other hand, ” (0) = 2nf (]WX(]W))eJ dw = [wX(w)dw = T (0) =
(Zj—n) (2 —2)/2 (average of left and right limits) =
[wX(jw)dw = 0

Problem 3:

Consider the filter with impulse response h(t) = e “u(t +1) .

1. Find the transfer function and sketch the Bode Plot

2. Find the Fourier transform of the output when x(t) = e *u(t) and when x(t) = sin(2t)

3. Find the output when x(t) = e u(t) (a) using convolution, and (b) taking the inverse Fourier
transform of your answer to part 2.



h(t) = e Dyt +1) = HGw) =

1
|[HGw)| = ,
Il =t
In MATLAB,
H=tf(1,[1 1])
%M atlab does not accept

% -vedeays

[m,p,w]=bode(H);

m=m(:);p=p(:);w=w(:);
figure(1);subplot(211),loglog(w,m),title(’'magnitude’)

subplot(212),loglog(w,m),semilogx(w,p+w* 180/pi),title('phase’)

2.

Exponential input : F{x} :#, Y(jw) =H(jw) X (jw) =
Jjw+ 2

e/w

jw+1

tH(jw) =w —tan" 1w

magnitude

1

phase

L
o®

6000

4000

2000

1* 10’

jw

eJ

(jw+1) (jw+2)

Sinusoid input : F{x} = F{sin 2t} =7jr[5(w— 2)-o(w+2)],Y(jw) =H(jw) X(jw) =

2j —2j
S sw-2) -
j12)+1 -2]+1

o(w+ 2)} (evaluateH(jw) at thesin frequency)

t+1

3. yt)=(h*x)@) = [e " Put+1-7)e ¥ u(r)dr =e “ut+1) [e7dr =
0

—0o0

— [e—(t+l) _ e—2(t+l) ]U(t + l)

e+jw _F—l
(jw+1) (jw+2)}_ {

=[eu@)|  —eu)| 1=[e" - ]u

=F{Y(jw}=F _l{

1 -1

_F
(jw+1)  (jw+2)
+1)

|

t+1



EEE 203, HW 4 NAME:___ SOLUTIONS

Problem 1:
Find the largest sampling interval Ts to allow perfect reconstruction of the signals:

(NOTE: h*x denotes convolution of h and x)

sin4t sin5t
4 3

sin’t sin2t
s+

t 2t

Sin2t*sin2t

2.

3.

Using the shortcut method, we compute the Nyquist rates (2 x max signal frequency) of the
individual signals and then estimate the Nyquist rate of the composite signal:

21 T

1'WN1 :8,WN2 :10:)WN:(WN1 +WN2):18:>TS:WN:g

2. WNl = 2 X (1 + 1),WN2 = 4 :>WN = maX(WNl,WNz) = 4 = TS zg

. 2n T
3. Wn1 = 4'WN2 = 4 = Wy = mln(WNl,WNz) = 4 = TS = T = E

Problem 2:

A sampling system isto be designed to handle signals with maximum frequency of interest
2kHz. Using ideal components, design the sampling time, determine the cutoff frequency of the
anti-aliasing filter and design the reconstruction filter.

The Nyquist rate for 2kHz signals is 4kHz. Hence the sampling time should be less than 0.25ms,
Then, the cutoff frequency of the ideal low-pass Anti-Aliasing Filter is 2kHz. The reconstruction
filter should have amplitude T = 0.00025 and cutoff frequency 2kHz.



EEE 203, HW 5 NAME:__ SOLUTIONS

Problem 1: Consider the continuous time causal filter with transfer function

H _ s—1
©) = oG6+D

Compute the response of the filter to x(t) = u(t)

O e U IO L S U
y() =1L 1{m} =1L 1{m+5_2+§} = —2e tu(t) — tu(t) + 2u(t)

Problem 2: Consider the continuous time causal filter described by the differential equation

d’y dy dx
F +2 E +8y = E
Compute the steady-state response of the filter to x(t) = cos[2t + 1]u(t).

S
H(s) = ————
(5) s2+2s+8
The system is stable (transfer function poles or roots of the denominator are (—1 + j2.646) are
inthe LHP, i.e., have negative real parts), hence the steady-state response is well-defined.

Yss(t) = [H(j2)| cos(2t + 1 + £[H(2)]) =
= 0.354cos (2t + 1 4+ 45°) = 0.354 cos(2t + 102.3°) =



EEE 203, HW 6 NAME: SOLUTIONS

Problem 1: Consider the causal filter described by the difference equation

1 1
Ml =2 yin-1+, x{n-1

1. Determine the transfer function

2. Compute the response of thefilter to x[n] = u[n]

3. Compute the response to x[n] = Jn]

4. Compute the steady state response to x[n] = sin( "71¢) u[n-1]

Note: For a stable system if x convergesto aperiodic signal x_s, then 'y converges to a periodic signal that isthe
system response to the x_s. This can be computed using Fourier theory. A useful simplification is:

X(t) =€ = y(t) =H(jo, )"

X(t) = cos(a,t) = y(t) = H(j@,) | cos(@,t + ZH(j,))

x(n) = e’ " = y(n) = H (e/%)e/*>"

X(n) = cos(Q,n) = y(n) =| H(e"™) |cos(Q,n + ZH ("))
where, H(s), H(z) arethe continuous and discrete system transfer functions, respectively.

For Continuous Time:

For Discrete Time:

1.-1 1
1. H(Z) = —1i§2_1 — Zil
EZ 3 3 —EZ EZ
— _Z -4 @ - —8 = g £
2. y(Z) —_ H(Z) 7—1 (Z—%)(z—l) Z <(Z__) (Z 1)) = y(n) {( ) + (Z 1)}

31 3
y(n)=—g(§) u(")+81u("):'[yn] [g 0125 0333

3.y = H@ () =2 ):y(n) {ﬁ} =
3 3/ nen-1

(=

1,1\" ! n 0 1 2
ym =g (5) un=D=y =[5 025 0083]
4. Thefilter is stable since the pole (1/3) has magnitude | ess than one. Hence, the steady-state responseis

well-defined and y,,(n) = IH (e7)|sin (On + 2H(e™)), 0=

Then, ygs(n) = Z sm(n6 — atan SiIE(,ﬁ;)_1> = 0.370sin (11671 — 16.80)
JleosE)-2F o) )

(Verify in MATLAB: >> H=tf(1/4,[1 -1/3],1), [m,p]=bode(H,pi/16) )

Problem 2: Consider the discrete time causal filters with transfer functions
z-1 z-1
H,(2) = H,(2) =
(z-0.3)(z+0.4) (z+0.5)(z-2)
1. Determine their stability properties.
2. Compute the response of thefiltersto x[n] = u[n]
1. The poles of H1 are 0.3, -0.4, both are less than 1 in magnitude (inside the unit circle), so the systemis
stable. The poles of H2 are -0.5, 2, the second has magnitude greater than 1 so the system is unstable.

1.43 -143 _ ,_1( 143z | —-143z) _ n _
2y1(2) =H,(2) =2 ((2—0.3) + (z+0.4)) =y =2 {(2—0.3) + (z+0.4)} = 1.43(0.3)"u(n)

1.43(— 04)”u(n) = [0, 1,-0.067, 0.138,—0.0181,...]

V4 _ —-0.4 0.4 -1 —0.4z 0.4z _
2.y2(2) = H2(2) ;5 = Gros=a) = 2 ((z+0.5) + (z—Z)) =y2(n) =2 {(z+0.5) + (z—Z)} -
0.4(=0.5)"u(n) + 04(2) u(n) = [0, 1. 1.5.3.25, 6375, .]




EEE 203, Test 1 NAME: _ SOLUTIONS

Problem 1.
Consider the signal x(t) whose graph is shown below. Sketch the following signals:

-X(-t+1), RT-1R[X] , where R denotes the reflection operation and T denotes shift delay
operation by t0.

x
-
—»
v

1 1
-X(-t+1) [ RT1R[X] {
I\lll 2 . ! 1 2 3

Problem 2.
Describe the following signals in terms of elementary functions (3, u ,r, ...) and compute

[* x5t -2t and [* y(t)s(t +3ct.

v

X A

2 y
\ 1 |

x(t) = 2u(t) — 2r(t — 2) + 2r(t — 3), [x(@®)6(t —2)dt =x(2) =2
y@®)=u@®)—r@®)+rt—-—1D)+rt—-2)—rt—3)—u(t—3), [y(®)8(t +3)dt = y(=3) =0




EEE 203, TEST 2. NAME:__ SOLUTIONS

Problem 1. Compute the convolution h*x when h(t) = u(t + 1),x(t) = 6(t —1) — §(t — 2)

y@O)=h@®)*x@)=ult+1D)*x6(t—1) —ult+1)*5(t—2) =u(t) —u(t—1)

Problem 2.
Consider thefilters:

A Y(t) =] X(z)dz
g. Yt) =] e u(t—r)x(r -1)dz

1. Find and graph their impul se responses.
A.h(t) = [, 6(v)dT = u(-t)

B.h(t) = [ et Du(t —1)6(t —1)dr = [ e Dyt — 1)6(t — 1)dr = e~ Dyt — 1)

2. Which filters are causal ? (Justify)
A isnot causal, h(t) = u(-t) isnot zero for al t < 0.

A iscausal, h(t) = h(t)u(t-1) iszero for al t < 0.

3. Which filters are stable? (Justify)
A isnot stable because h is not absolutely integrable

B is stable, because h is absolutely integrable [ e~¢~Duy(t — 1)dt = —ee~t|P = 1




EEE203, TEST 3. NAME: SOLUTIONS
30’, closed books and notes, calculators and transform tables allowed

Problem 1: Consider the filter with impulse response h(t) = e‘tu(t — 1) .
1. Find the Fourier transform of the output Y(jw) when X(t) = e‘Ztu(t + 1)

2. Find the time-domain expression for the output y(t) when X(t) = e‘2tu(t + 1)

. 3 . . 3 » e—jw 5 e+jw . 1
Y(’W)_H(’W)X(]W)_[e jw+1He jw+2}_e Gw +2)Gw + 1)

y(©) = FHy Gw)} = - e? Gw 2)1(jw =l ﬁ} e {elm}

=ele tu(t) — ele 2tu(t)

Problem 2: Consider the RC filter described by the differential equation 1Od—3t/ +Yy=X

Write an expression for the magnitude and phase of the frequency response of the filter Y (jw) /X (jw).

1 1
H(jw) = ——=>[H({ = —, <H(jw) = —atan(10
(W) = g7 => HOWI = s 2H(jw) = ~atan(10w)

Problem 3: Let x(t) be the periodic signal shown in the figure below (square wave with offset).
T

1

v

-2

Compute the coefficients a, of the Fourier series expansion of x(t).

We observe that x(t) = 2x,(t — 0.5) — 2, where x, is the standard square wave in the tables with period T = 2,
1 . .
T, = p From the tables, the FS expansion for x,, is
) . km
sinkw,T; SN~

km km

Hence,
. km
SII’IT

_jkm 1 1
a, =FS{x}=2 e 2, k+0, G =7 J- x(t)dt=§(—2)(1)=—1

<T>
! _Jkn km . . km km . km.
For the first term we may also observe thate™ 2 = cos— —jsin=— and the product ofc057 sin—is always

zero. So,
.o km
sin®—-

, k+0, =-1
km o

a, = _]2
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Problem 1:
Find the largest sampling interval Tsto allow perfect reconstruction of the signals:

(NOTE: h*x denotes convolution of h and x)

rad

1. Sln(St + 10) + e_tu(t) WNYQI =2x5=10 ( ), WNYQZ =

=> WNYQ = max (WNYQ1’ WNYQZ) = 00 => TS =0.

N

sin5t

2.

*sint  Wyygr =2 X5=10, wyygz =2Xx1=2 (r:—d)

: T
=> Wnyq = Min (WNYQl’WNYQz) =2=>T= 7 =1

3.cos2(3t) sin?(2t)  Wyyor =2 X (3+3) = 12 (%) Wryoz =2 X (2+2) =8
—> - —20=>7,=2="
= Wpyo = Sum (WNYQ1;WNYQ2) = =~ 557507 10

Problem 2:
The frequency spectrum of avibration signal is shown in the figure below. We would like to

sample and analyze the spectral peaks around 3kHz but our sampling system does not include an
anti-aliasing filter. Determine the sampling rate required for this task.

= ! ! ! !

hagnitude

5 ! ! ! :
1] 2000 4000 G000 3000 10000
frequency (Hz)

Since an anti-aliasing filter is not available, we need to sample faster than twice the largest
frequency in the signal to make sure that thereis no aliasing that would compromise the results
of our analysis, regardless of the frequency of interest. From the plot, we estimate the highest
frequency as 7kHz (6kHz or 8kHz are also valid estimates). Thus, the sampling rate required for
thetask is fyyg1r = 2 X 7kHz = 14kHz, (Tg = 71pus).
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Problem 1: Consider the continuous time causal filter with transfer function
1
H(S)=——=
(s+D(s-2)
Compute the response of the filter to x(t) = u(t) — u(t-1).

Y() = y5(£) = ys(t — 1), where, y,(£) = L™ {H(s) 7}, the step response.

_ -1 1 _-1f71/2 /21 _ 1 _q¢ 1 ¢
ys(t) =L {(s+1)(s—1)}_L {(s+1)+(s—1)}_ pe u®) +oefu®) =

() = =5 u(t) +5etu(t) +5e 1 Du(t - 1) - ZetLu(t — 1)

Problem 2: Consider the continuous time causal filter described by the differential equation
d’y .d dx

22 Y 8V 1y-ox-—a>

dt dt dt

Compute the steady-state response of the filter to x(t) = sin(2t)u(t) + u(t-2).

—4s+2

H(s) = PEATINEL Its poles are( —0.13, —3.8) and have negative red parts, so the system is stable and the
steady-state response is well-defined.

The steady-state input issin(2t) + 1.
The steady-state output is |H(j2)] sin(Zt + LH(}'Z)) + 1-H((0) = 0.47sin(2t — 190°) + 2

Note:
—4s + 2 —2s5+1
H(S) = =
2s24+8s+1 (s+0.13)(s+3.8)
V4W2 + 12 w w
H(jw) = ¢z atan(—2w) — atan|——) — atan (=—
Vw2 + 0.132Vw? + 3.82 (0.13) (3.8)
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Problem 1: Consider the causal filter described by the difference equation
y[n+1 =-0.3y[n] + 0.3x[n—1]]

1. Determine the transfer function

Taking z-transforms of both sides,

_ Y(2) 0.3
zY(z) = —0.3Y(2) + 0.3z71X(z) = H(z) 2

X(z) z(z+03)

2. Compute the response of thefilter to x[n] = u[n]
0.3 E

_ i _ 0.3 i _ 0.3 _ E 13
X(2) = z—1"' Y(z) = 2(z+0.3)z—1  (z-1)(z+0.3)  (z—-1) = (z+0.3)

3 0.3 )
y(n) = Eu(n -1) - 3 (=0.3)" u(n—1)

Problem 2: Compute the steady-state response of the following discrete-time, causal filters to
x[n] = u[n-12]:

z-1

H(2)= (2)(z-05)’

Stable, yss(n) = Hy(e/°)e/" = H,(1) = 0

Z_

= -0

Unstable, steady-state is not well-defined

Problem 3: Compute the steady-state response of the following discrete-time, causal filtersto
x[n] = cos (i—Zn)u[n — 15]:

z-0.1
(z+0.1)(z-0.5)

Thefilter is stable since the pol es have magnitude less than one. Hence, the steady-state response is well-

i j i 2
defined and ys(n) = |H(e/®)| cos (Qn + LH(eJQ)) , Q= 1_’51
Then, ygs(n) = 1.44sin (21 — 39.6°)

Hi(2) =

JleosezyoaT fonC)
Jleos2)soa]*spnC)F [fos2)-o5] sz

0\ sin(z—g) B sin(z—g) _ sin(z—g) _ .
¢H(e/?) = atan—COS(%;_O.1 atan —cos(2n3 - —atan —cos(z—”i—o.s = 39.8° (al red parts positive)

15 15

|H(e!Y)| = = 1.44
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