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Problem 1.  Find a Lyapunov function 𝑉(𝑥) = 𝑥𝑇𝑃𝑥 to show that the system 

xx 







−−

=
42

10
  is asymptotically stable. 

 
We solve the Lyapunov equation 𝐴𝑇𝑃 + 𝑃𝐴 = −𝐼.  
We find: 

𝑃 =
1

16
�22 4

4 3� 
Since 22 > 0 and 22 x 3 – 4 x 4 = 50 > 0, by the Hurwitz test, P > 0. Hence V is a Lyapunov 
function for the given system. 
 

Problem 2.   Find the state transition matrix 𝑒𝐴𝑡 for  xx 







−−

=
42

10
  (Use your favorite 

method). 
  
For this problem the most efficient approaches are through Laplace transform and the Cayley-
Hamilton theorem. For the latter, we have 

𝑒𝐴𝑡 = 𝑏0(𝑡)𝐼 + 𝑏1(𝑡)𝐴 
And the coefficients are found by solving 

𝑒𝜆1𝑡 = 𝑏0(𝑡) + 𝑏1(𝑡)𝜆1 
𝑒𝜆2𝑡 = 𝑏0(𝑡) + 𝑏1(𝑡)𝜆2 

Where, 𝜆1 = −2 + √2,   𝜆2 = −2−√2.  Thus,  

𝑏1(𝑡) =   
�𝑒𝜆1𝑡 − 𝑒𝜆2𝑡�
𝜆1 − 𝜆2

,   𝑏0(𝑡) = �𝑒𝜆1𝑡� −
𝜆1

𝜆1 − 𝜆2
�𝑒𝜆1𝑡 − 𝑒𝜆2𝑡�   

For the Laplace transform approach,  
𝑒𝐴𝑡 = 𝐿−1{(𝑠𝐼 − 𝐴)−1} = 𝐿−1 �

1
𝑠2 + 4𝑠 + 2

�𝑠 + 4 1
−2 𝑠�� 

Next, we find the terms as linear combinations of  𝐿−1 � 1
𝑠2+4𝑠+2

� and its derivative. 

𝐿−1 �
1

𝑠2 + 4𝑠 + 2
� = 𝐿−1 �

(𝜆1 − 𝜆2)−1

𝑠 − 𝜆1
�+ 𝐿−1 �

−(𝜆1 − 𝜆2)−1

𝑠 − 𝜆2
� = (𝜆1 − 𝜆2)−1𝑒𝜆1𝑡 + (𝜆2 − 𝜆1)−1𝑒𝜆2𝑡 

𝐿−1 �
𝑠

𝑠2 + 4𝑠 + 2
� =

𝜆1
(𝜆1 − 𝜆2) 𝑒𝜆1𝑡 +

𝜆2
(𝜆2 − 𝜆1) 𝑒

𝜆2𝑡 
Performing the computations 

𝑒𝐴𝑡 =

⎣
⎢
⎢
⎡�

1
√2

+
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1
√2

+
1
2 + √2� 𝑒�−2+√2�𝑡  �−

1
2√2
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1

2√2
�𝑒�−2+√2�𝑡

�
1
√2
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1
√2
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1
√2
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1
2
� 𝑒�−2−√2�𝑡 + �−

1
√2

+
1
2
� 𝑒�−2+√2�𝑡

⎦
⎥
⎥
⎤
 

 
 
 
 
 
 
 
 



Problem 3. Find the step response of the system [A,B,C,D] 
𝐴 = � 0 1

−2 −4� ,𝐵 = �01� ,𝐶 = [1 0],𝐷 = 0 
when the initial condition is  

𝑥0 = �11� 
 
The key issue here is to compute the response due to the initial conditions (ZIR). The complete 
solution has the form 

𝑦(𝑡) = 𝐶𝑒𝐴𝑡𝑥0 + ∫ 𝐶𝑒𝐴(𝑡−𝜏)𝐵𝑢(𝜏)𝑑𝜏 = 𝑍𝐼𝑅+𝑍𝑆𝑅 
The ZIR can be easily computed using the previous expression for the matrix exponential and, 
for the given C and x0, it is the sum of the first row elements 

𝑍𝐼𝑅 = �
1

2√2
+

1
2− √2� 𝑒�−2−√2�𝑡 + �−

1
2√2

+
1
2 + √2� 𝑒�−2+√2�𝑡 

The ZSR, on the other hand, could be easier to compute through the transfer function  
𝑍𝑆𝑅 = 𝐿−1 �[𝐶(𝑠𝐼 − 𝐴)−1𝐵 +𝐷]

1
𝑠
� = 𝐿−1 �

1
𝑠(𝑠 − 𝜆1)(𝑠 − 𝜆2)

� 

Computing the partial fraction expansion, 

𝑍𝑆𝑅 = 𝐿−1

⎩
⎨

⎧1
2
𝑠 +

1
2√2(−2 + √2)

(𝑠 − 𝜆1) +

1
2√2(2 + √2)

(𝑠 − 𝜆2)
⎭
⎬

⎫
=

1
2 +

1
−4√2 + 4

𝑒�−2+√2�𝑡 +
1

4√2 + 4
𝑒�−2−√2�𝑡 

The complete step response is 
𝑦(𝑡) =

1
2 + �

1
2√2

+
1
2 −√2 +

1
4√2 + 4

� 𝑒�−2−√2�𝑡 + �−
1

2√2
+

1
2 + √2 +

1
−4√2 + 4

� 𝑒�−2+√2�𝑡 , 𝑓𝑜𝑟 𝑡 ≥ 0  
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