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TDEFINTTION” ¢ A odapiive system iy o system which ic Provided

Wi o means of gjfjcgwru 305?04.5&
verformance. iy relation 4o o
or ophmal

its own

qiven figure of merit
conditon omd o Means  of 30%%&3@ |
s own Patameters  or shruclyre by a Ownm;mo?_oow _
achion So as 4o opproach this ephmum.



FEEDBACK sSysSTEMS *

r . u N

—_—
T
o 4. EXTERNAL DISTURBANCE 5 PARTIALL

m“mrmz.ﬂ.vm/\mam.l.ﬂo WmM
CONTROLLED KWNOWN A €.qg. d- Dosm*QJ»J

C: CONTROLLER
¢ P : PARTIALLY KNOWN DYNAMICAL

r . reference 9@30;

U - control input SYSTEM
y output of +he plant. €.4. P=F, + AD
Po: KNowN LTI SYSTEM

Q: DESIGN C sty “follows” |
0s closely AS PosSIBLE, MiMiIZING m NoMiIN AL ﬁr>24/

YTERNAL Lo :
THE EFFecTs OF € . | AP : MODELING UNCERTANT:
DisTureANCES + MODELING ONCERTINTY _, |
| I AR, < 1




ADAPTIVE CONTROL

1)
ADAPTATION
S L Sy

oo 2L, P R4
4

o Pl6)= B,(6)+ AP
PLANT DesCriPTION PARAMeTRIZED
BY 0. (FAMILY oe NominaL RLANTS)
» GiveN 6, FE (0) is xNown
» O PARTIALLY KNowN
€.9. el < 4
» AR : PARTIALLYY KNOwN

¢q. laesill, < 1

mzam” AP M& DEPEND ON ¢J

17

Q: TesiaN  THe “ADAPTATION ¢ 4

—

C@® s+. THE CLOSED LoOpP SNSTEM

M@.. ¥y 3., Qs t = o0

iy

for any bounded ™ x INit. Conpo
Vm 13 the output ol

0 Teference model with input

Where |

M: A KnowN |, “wew-=ewavep”
DYNAMICAL  SYSTEM,
(STRBILITY | BANDWIDTH ,

DC &AIN \moc.-oﬂuu



W.ed. HopeUING  UNCERTAINTY :

1). NoN - ADAPTIVE  FEEDBACLK

“UNSTRUCTURED  UNCERTRINTY “
(eg. wapn, < 1)

2) ADAPTIVE FEEDRACK

NPART ALY STRUCTURED CZOI,\\
Nm.m. Holl« 1 5 AP, <L HV

w.t.¥., TYPE OF FEEDBACK

+). NON- ADAPTIVE TFEEDBACK

SiGNAL  INFORMAT ION -
(eq. 4 )

Z). ADAPTIVE FEEDBACK

SIGNAL > OPERATOR INFORMATION

[cg 4. 9)
4

EXAMPLE OF AN ADAPTIVE CONTROUER

CONSIDER THE PLANT

o

M\ = Qmu % + U
where a5 s an onknown constant.

Q: DesiaN u i GiveN The

—

REFERENCE MODEL

mm_...ule.vo as t— 00 , for

ANY  BOUNDED REFERENCE INPUT r

MDD ANY INITIAL CoNDITIONS
./\,3/. Ym TJ



> , | > lw HOWEVER | K* e ONKNOWN |
ll«v;.. O~

L ET
us Ky +v

E _ K= £(ym>3)

where £ (-,.) is A FUNCTION To

«
L

° BE DeETERMINED Gmm an m.m.ﬂI.PAO‘ﬂd
e M: 1I.V:¢3 3 &3" Q?&S..T—l

sm“c,lvu wm_u..oxv&..ftp

’ P ”’

-._.mnmul./\. IF Op WerRE KNOwWN , WE ._“ THeN |
o COULD SELECT | N = momtiu +
U= X*u + o r\m/L
K¥ = a,,-ap : b=t L(Ymsy)
THeN : 4. . SelecT f(.,-) s.t. THE OUTPUT OF

. .V_no_u,\+r@+1 = OmY + 1
= (Y=Y = am (§-Ym )

= ¥Y-Ym = e (y-Ym) (0) =0 as t—+x0

y= 6y +
"rRAacCks” T™E ouTpuT OF

20 2 Y= Gu N + T



LMATHEMATICAL PRELIMINARIES

£ .
7 GUIDED BY THE PREVIOUS €XAMPLE

: .
7 WE NEeDd soMe MATH  BACK&ROUND

i oN The ToUowiNa ToPics -

@ 1), CONTROL hAW DesiaN
m@. U= XV\ +
K= ®l0:v

Y

- TYPICAL PROREM: &iveN A FAMLY
oF mants  P(e), FiND C()

s.t. FOR ANY GiveN 6, THE

FeeDBACK SYSTEM

— - v= Plo)u 5 u=-C(9)y

IS STABLE .

(LiNE4R sYsTeM THEORY , STABILIZATION
e PoLe PLACEHENT erc.. )



o Nv ADAPTIVE LAW DesiaN
m.&. %“N\Q!»uv

NoN LINEAR SVSTEMS , STABILITY,
LYAPUNOV  THEORY

¢ '3). ADAPTIVE CONTROL SYSTEMS
-~ (W+(2) + T/0 OPERATORS

szzEzm% VECTOR _ODE =
= [ (¢, x@&), S:L +2 03 x(o)

1} EXISTENCE OF SOLUTIONS

2) UNIQUENESS '
wJ SOWTION DEFiNED OVER THE

entire holf-Line [0,00)
) CONTINUOU'S DepenDence on X (0)

oHoweveR x> o0 v t—

e X = 4 Ltz x(0)=0
2 X(+) ©

\
~> X, (#= ¢_\Nw Xy ()= - 2

2
o 2= X tzo x(0)=X%Xo >0

Xo
1-t%e

\ lo, L )
BusTENCE  AND ONIQUENES  oveR 10,

~> XM=

\
AND
X(+) 'S NoT TEFINED AT 4= .rx

( FiNITE  ESCAPE TiMe)

NOTE THAT IN GENERAL T MAN NOT BE
Possiele TO ORTAN THE EXACT

SOWWT\ON OF AN Obe



- WE NEED SoMe “Ttoos! TO
ESTABLISH D) MwelL- BeHAVeDNESS
2) Y RoyNDS”
OF SOWTIONS OF ObEs  WITHOUT
ACTUAULY  SOLVING  TueM .
W.0,L.0. &.

X = .m?,x,v Q)

oDeE . THe systeM (1) 1S SAD TO R

AutoNoMous  iF {(+x) is

INDEPENDENT OF +  ond 1S SAMD ™ Re

NON AUTONOMOUS  OTHERW I SE .

WF %, e R" i sAiD T Be AN

EQUUIBAUM OF (1) aT time o e R,
w‘m hﬁ+v XOJ \lllo .&l .WN.TO

mu.:yﬁo NARY , SINGOLAR ,vo.:ﬁJ

LeET US CoNSIDER The Ove |

Ay

Red 1P ) = AUTONOMOUS  Tden

Xo €R" 15 AN CoUUBRIOM PoiNT oF
() M some wive 1FF ris AN

CQUILIBRIUM PoINT oF (4) AT AL TiMeS

Note: If Xo is AN equuBRiOM Point ofF (1)

AT 4=t, , Med FoR 24,

= £ (£ xm) | tzt, 5 x@E)=x

hos the OL0BULE SoluTion wxEnxo_\{.UJ‘

EX . x= AX  hos the esulURRIOM

POINTS xo € 4 XL >xou0/u NA)
Def AN EQuILIBRIUM POINT X,
of (W), ot % , s sAaiD T BE

. - n
isoLatev ¥ g Nd)< R":
N (%) CoNTAINS NO EQULIBRIUM PoINTS

A o of (N oTHER THAN .



EX . CoNsiper THE MotioN oF A

P

FRICTION eSS PeNDOLLM ,
0+ 2 snlB8Ww| =0 ¥~
¢ [oe] ek
Le. m vom ~ . ) X
EN 1817~ w\b sinlx,)
N R T .
EQUILIBRIOM Xo = ﬁx;. xu.o.ﬂ _ﬁh
XNO"O N wmjﬁxao =0

2 T
1€, Xo E Axomﬁ Do Xy= «34? o¢ ~5mN,M
X2

P S U

-T hll

EX X = Ax XmﬁN.

1. A : NONSINGULAR 3 %,=D Lll-r
2. A: BRAMK 4 3 Xom.n (® *

3. A=0 X, e RZ %ﬁ

ReM  Consiper

%= £Ct,x) 5 x0) &)
m . CotiNUOUS , AND SuPPOSE € s A
SowTioN  TRAJECTORY oF () PAssiNG
THROUGH mﬁu xx_d. Toed THe
Vecror 4 (Bnxi) 'S TANGenT TO

‘G 9+ ﬁ\m:X_J

Pl )
t,, Xy
H_n_\ w.ﬁm.fww“ XN/V

P is comronld TREFERReDd TO AS
N\ . ; . /4
e “VeloOT  VECTOR Feld ow

“veeor Fiewd  of  (x).



P LINEAR VECTOR SPACES

Ter .

e

WITH WO ORRXT\ONS X,

(F,+)

feeuaN
GROUP

%ﬂ\.v
AeeLiaN
GROUP

A ﬁ.m% S A SET IF TT0GETER
uﬁlaﬂ|¢mﬂ

" Q oxBy) = \%&J ¥aky F
bvam.mn 4+ 0=a ¥a efF
3) #o F-a : atla)=0

4) atp = bia ¥ ap eF

) aley)= (ap)y  4apy
2) J4ecF: al-a Yaek
5) ¥aeF 3 4 eF :aa! =1
4) a.p- b.a

R, €

Der. A VecToR SPACE oveRr A FielD F
s A seT V ‘amﬁxmn WiH TWO OPERATIONS
T 2 Vxy—V o FxV—V

s t. Q \<\+v is AN ABELAN GROUP

D(ap)V=aleV) HageF, #veV

3) (a+8)V = av+By -1-
Y q(vew)= avt aw YaeF ,HvweV
mv 1.u=uU Avel _

DeF. ler (V,F) be a wewR space AND
WeV , Wéer, Tl  (W,F) is ssipmo s

k suvespAce of YV if (W, F) is A vecoR

SPACE, i ) xtye W + myeW
| 2 ax e W F W acelF

ex. (V,F)= (R R)

W /W, W, NOT A VECTOR SPAG
Y\ S NOT A SUBSPACE

7/ 2
oF R
\N\ ®?

3l
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» NORMED LINGR SPACES

TeE A NorMep LiNemr SpPAce is AN

orDereD AR (X 1), wHere X is A

LINEAR VECTprR SPACE AND (-1 is A

ReAL VALVED FUNCTION oN X (“NorMm’) st

Q Ixlzo ¥2eX 5 IXI=0 & x=0,
z) laxll=lallxl ¥2ze X, ae ¥
3) Ix+yl € xh+lyl ¥ =y € X

te. Ixll s A MEASORE oF THe ‘size” oF

X OR  THE DISTANCE OF X FRoM O

DEF A seUeNCE (%)) IN A NoORMeD

LNefR sPace (X, 1) is sAiD To conmverae

T X, eX if lx,—x, =0 as y-—s

|
Eeuivplaty , ¥ s>o0 3 N(e) :

*

| %o~ xl1 <& ¥ = NE)

Gh)

DeE et (X, teny) 3 (Y, ey ) be

£ be
£: X— Y. We say thal

two normed linear spaces AnNP

a function

-f is  ConTiNUOUS at %o e X if
te>o 3 S(ex)>0 st

1£0e)-£0y) Il < €
wheer Il xo-y 1, < & (2,%)

.ﬁ is CONTINUOYUS
at eery xe X

e f 1s ONirorMLY ConTiNUOUS if it

il it is continuas

s Continuous  and ‘q\ ¢>0 4 85(s)>0
st. 26 - fey) :«Aw
-yl <§(e) |

Er?@.\,mﬁ\



o

TEE . A squence §xu( in a
normed linear space (X, \T:v is Said
fo be Cauchy sequence if €70
3 NeG) e N s+t

lxy- Xl <E whenever nmz NG

ReM  CoNVERGeNT Se@. = CAUCHY

Yl . Suppose Axs ﬂu is convergent

(xq €2, 1) 5 Xy— %o e (< ) )

let €»>0. Sedeck N -
_ﬂxs\XoﬁAWN: ¥nz= N

Toen, for n,m = N

?VAS.‘ VASA : um. ﬁ XSIIXO%..T: KS\_(XO = A E

Ter A Nommed Uinear Spoce. (X, k1)
i said fo be a  Complete NORMED LiNEAR
goce O a BANACK space i every
Chuy s€QuanCe in X conerges (to
o dement in X).

eX_ . (Copsider tve Lineor vedor space

—

B fogether with the fomckion 1 o :
R—-R defived by

W%l = max | %1
AR

Then (R" 11, ) is 4 noRued UNer
SPAEe Al A BANACH SPACE .

mZoAm s L, s o norm . Er,_..vu.

The sowe is true for dhe

livear vedor spaces -



> ) Aﬁsv ;.;)J
whee Lol 2 R'— R
n
Ix\, = 2, 1x
A

»2), [R" f@

whee |l - sﬂ - R'— R
. %
W%, = v
| % fv N_w I %] gw
\n @leoc ) :m p=2 , W-1, is also

N}gbs as +the Euclidean norm or

{, -norm on ",

Note THAT Tw ) (s a
Giffecent enbity Han  (RY, =.:; of
(", :.SL even Hough tne Underlying
Unear vedor spoce ts the some (R™)

31

SPEORL PrRORRTIES OF R ? ).

old I - 1, , V-llg e any dwo noms
on R . Then *her exist fnite  posithe

onsfants Ky, Ka sit.

Kyl £ ixlg 2 Ky lxl
N ox mﬁNs.

(Such norms are called “equivalent sonsh&

£q. (%, = Ixl, & nllxl,

ixl, ¢ Ixll, = n'% iy

0056&98\ i R is

OOSMmmggOm\ .

. | wdependert ek e vorm wused -

e et Nl be oy nom dw R
_, MXSNJX be o Sequencz. 1w .st ang:

o U—>0 as
N O



>4

il each cowmponent sequence. I xzsou max | x el

mxoww“o Converges o <D for w cbabl
o , Then | -, s a normon C"[a,bl
Pr? . Axioms 122 ore strighd forwacd
6 let -1l be any vorm om HWSQ P wf:
0 To test 3, Let x(),y(He C Ca,bl
X(.) be a funchon wapping R—R.

| Then  IxC+yGI= max <@yl

Then  x() is  Confinucut N.mas; sm:.;, 4efa,bl
W+ly () il

mto mﬁs;_.:vv rﬁm each PN Hhe SEwaxml. mhm”& S
Jonchions x; () is & contimuous Funchion (by W 4riangle wequaliby on R")
on R, ,_ | £mox  Ix®W\+max ty®

: _ te[a,b] tela,bl
THe NORMED LiNetR spAce C"[a,b] 2 wdg + LyOl,,
Let NIl ke any giveo nomm dn R” INNER  PRODUCKT SPACES
and C'La,bl denote +he set of all’ Db An lnner Frodud Space is o
confinuous  funchions  [a,bl— R". linear Vecdor space X together with
Define i -llg: C'Cabl—=>R os o fonckion ., > 0 XxX =T (Fhe

39 ossocioted Getd ) s.t.



). <x,yd> =Ly, x> ¥ 1y eX
Al. denctes nOSuﬁ&QTOﬁJ
2).{x, yrzy = dx,y) +<{x,2) ¥ xyzeX

\u&Axvo&vn x<{x,yy N % eX
N x e FF.

4).{x, x> 20  xeX
NX.XV = O _ﬁ.ﬁ x= 0,

THM | &iven an ,_ssm%, product space
X  define L lI:x=>R by
Il = <x,x> ™ ¥ xeX.

Then -l is & norm on X.

To pove the fheorem  we need the
%osgcfm lemma Amﬁfiﬁ.m,m wsmmg@f:

E.Fkxqmps._sswﬂﬂag&»mvpo@

Then %Y e X

VD, L,y Y] ¢ ixilivll

B) 16yy T= iyl iff sexapy=0
for some o, p ¢F not both zerm.

vt ?mu;@ Consider

P(a,B) = Mo + BWIT= < axaby, axiByy

o IR + MRwa&VLﬁ@Nfsﬁ.
M. f(x,p)z0 ¥ «,p e R ifp
discfiminant = O i.e. Axb.wm.m i<t iyl
This, fogether  wit Y 4 of <07
proves (i),
(1) Suppose  dx+ BY #0 whenever
ether o orf are nonzero. Then
qm?o 8)>0 < discrimingnt £ O = (V)



vl of THM .
THe WNorM  AXIOMS:
D, Ixlzo ,ixu=0 iff x=0 mm}&

O\m‘ AMV
%

:
& AXX,xxVN_n | x|l = ?«w Axvau AR

). Uxayl®= WP hyla 24y, y >

Z WxWPa MyWx Z iyl

._ | PR
= (W + uy ) u

TEE  An inner produck space thad is

Complete  in He sense of the nerm

nduced by e inner produck, is

colled o HilgerT Space _

B . Tmsv N, is o hlbert space
_Z__Numwh M_\N He Budidean norm

1% . A
fIxll = <x,%x>"% sATicFies

&< Corsider C'To,bl omd deline

L7t ClablxClabl— R as
<XEY,y (Ve = hA x(@, y(8) Jgn dt

Then  (C"tabl, <% ) is an inner

poduck space bot not a Hilbert space .

eg. Conider the

siquene g} fundkions:

whose Uimit
w C'la,bl.
The  completion of ﬁﬁsﬁ?«ukc.vov s
o spoce denoted by L [a,bl |, the space

does not vmmov.&

o} all square -.immﬂim , fq&m Ue-measurable
forckions.  Note however fal mm\;?r.r f@

witn Wl = max_ Ixa@l, s a Banach spoce.
te fa,b]



H.

is a linear vechor space if addifion and

ReM Leb ?ﬁf& be a normed linear
soe . Then  1-0: X->R is uniformly
contvugus  on K.

et (%, 4.,7) ke an inner product
soe. Then for each y eX, x> <x,y2:

X—=TR \% 3 s cé?ﬁ:f confinuous mX.

INDUCED NORMS

The Space M ?Nsxsv of all nxn

matrices with g N:w»v elements

stalar anultiplication are dove  componentwice.

Forher, ech Ae €7 defines a [inear

.§§Esm A:C"—=C" i xeC— Ax.

Del Lk 1 ve @ given rorm dn C”
Then for cach A e €™ +sm&:§}.f
LAl defined by:

WAL = sop LAX0 g ax]
xgo - WU ey
XeC"

i5 Colled 4he induced modrix nomm ot A
oo:ﬁvaj%sm o the vedor norm -1,

led  For eoda s.;gesy -1 -

"M > [0,6) is a norm on ™"
Hv haoms V4 2 by Wsmﬂmn\r%.ﬁﬁw
let A, 8 e € They

I A+BlI; = SUP _§+mvx=\ SUP :bxiwx: A

1XYW =) =1

I Ax) 4B xi < sopHAxH +
ﬂmw_ " TE_U
soplB x| = I all; + 1B,

Ik )



Rett . WAL,

e

Com be nterpreted as

LE.

ReM  To eadh norm on " ther
Corcesponds  an induced norm on €

The Cownverse is hot tue in mm\:mﬁé.
leM  Leb

on V"

L-1; be an induced nom
. Then ¥ A,B "™
NABY; < LA (1B

the  moaximgm ,,mo(,,s\\ of the Spv_u,_sm >.w

Pel LA (Bl WAL Nexll = BAlG BN

S xit
46 o w eC”,

A7

Nor on ¢ | Nouep NorM oN €™

sx=8 - gc.rx #Xﬂ” :P:r& = max N #PJ—
{ [N

(row som )

= Z 1! IA T, = max 2 lay; |

jov

moorcgs oM V

w\ | :
ety = (T 0l ) | WAl = [P (AR T2

| where 9_,_§_h (A*A) =
Mo mom mmw:,\&c&\ 4
A*A 35 >*n_‘.8§mr§
Cevyugode , Hranspae
Novg= 1Al is dso boon ae _?m mMax Frvm

95@&8. volue o&. A
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THE CONTRACTION  MAPPING TWeoReM

C,.F? BANACH FiXeD PoiNT \Em%ml/.
> Very Useful 1o derive existence + umniqueness

of solutions Yo a clam ¢ veckor 008’

» ote: Mapping  ~ Lonchon~ operatol  arx
used interchamgealbly -

1. GLOBAL. CONTRACTION S
e Led Oﬁ (1) be a Banach space |
and T X=X a wmappivg for wich 4hee

evsts o fixed conctav p< 1 s+

1 Tx-Tyl £ p lx—yl ¥ ox,yeX
Then :
. Thee edists eadly one x*e X <4
Tx* = x*
0. For ay x e X He sequence $x, ¢
in X defived by 44

&
1

X = Ty 3 X=X

Converges o x*  Moreover

W

__&\.x;».m\.?ﬁﬁn.mfﬂxﬂi
-0 ¢

Rt © Cowtodkion:  The wiages o} amy

Awo eléments ar  doer fogetver thou e
demaihy are.
e (wnine) Lk x e X arbitrory.

We will show Hied 1) . The Sequence ngﬂ
vo Caudny | so i Conerged u e cowplele
wetic spoce X 2). The liwak x* is
o ke ot o T (Tt =)

3). ¥ is e mique
ted pint of T



L), L%y = Xyl £ m=xs(x;-_: 4.4 @S:f..xo?
let w=n+r 20 . Theny

Iy~ ¥l 2 gy = L0 Xy~ Xonez W
F U Xy X N

H T TAA vmeﬁ
W
pelt WS a‘. " i Xy Xo= ~v ;X;IXL/
[-p 1P
ftene | xw-xyll cau be made arbitarily

small by osoom,,sw w, " wcb?._ommstc_ e

lage , ie, ¥evo I NGE) -
Xy —xu ll < & whenever  w,n > N(e)
(%] is Cauchy aud siuce X is
Baviaa ¢ st“o Converges iw XK.
2 Leb xt= L () |

N—> ca
Thep, I Tx*ox® £ lxy— X0+

A 1 g — Tl

£ WLt - x5 2!

Honce | xy—> x5 = lxy-x*l< &

W Xy — X 1< £
for any arbibary €>0 amd m sufficently
/9.@@. (mn > M), Sivce Xm won ot by
we hae ok 1Tl < e for amy
£70 = [ Tx*—>l=0 = Tx*=x%
2). Suppoz. % is omolher Fxed pont o T
Ther  WEXN = [Tt TRL= o W x5X0

Swe p<l o (1-p)x*-%1= 0 = X=X,

Comraatrs @ Nore e mpeaked wse ¢} e
Hangle equaliby  Treyl £ L+ 1L,
wm (), ad the we o Ixl=0& x=0
wm [2)4(3). A standard Yedimique . is

Givd ol @é&m is _smg,zﬂg K o Hhe
/,mm \m&oeesﬁc&\
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Soppose we weed to show Huak  kx-ylI<E€

Theny chome o “appropricke! W sk,
Ix-wl< &, aud Iy-wl € & . Usiug the
*agle mequalily

-y l= 1 x+w-w-yll £ x=w Wt woy W& S48

s v aualysis | a usual solPicient coudition
for de applicakion o fue conhruckion wappiug
Reorem,  is Ahak
dilterentioble  aumd

A_.S \s ooSfSngf
Tl £0< 1.
s The  coudition U Tx—Tyl €@Ux—ylsp<L

cANNOT  be replaced by U Tx-Tyl< Wx—yl

2, LocAL CONTRACTION S
A weaker  version & e pravious theoremn

holds v He care whee T is a contrackion

only ower Some region M of X.. :onP:fD.

53

T . Let (X10) be a Bovach space and

M be a mcwmm*ow‘vh. Also lel T: X=X ad

suppose  there exists o Covatant p= 1 s+,
[ Tx=Tyll 2 plumyll , ¥ xy M.

Furkner, suppose +hat  there exists %, eX

sk dne &9;

2 =4xe X X -x\ < ﬂ_lﬂxom X |l .w

is msraf contained within M T.m.. dDIJ

T has @s&j one fixed point ,sz
MP/* X .

Then, (V)

(i) The Sequence Xy = (%, 120
oos,se.mmm +a x¥  Fourlher,
ﬁxxo %l

1 %y =X ,_ A



4

REM  THe locaL  Contrackion mopping +hm
quarontee>  that £ all condibions or met, +he
squence 4 %, T, T 4 Converges o x*
However , if y is some other eement of M

Hthe  sequence “& _IEvANu.:.J MOA| OF Moy
not  Converge Yo x*,

Mso, the theomm stokes Hhot T has
exackly onc fid poind i M. without ruling C
ot the Xmm.&;._r thol T has some fixed points

ovlside M.

An alternakive version of the local

contrackion | mapping theofem is given next. This

Version pmmcgmw a m_:d:wmﬁ Zvo*rmmwm thoin

(_
betoe , bt ® will ke mor convenient m laker

?@Ggro% mw

T Led (X,01] be a Bonoch space

ond D be a dosed Ball wm X g
\mn¢x.. lx-2l &t

for some 2z e X and some € oo. Let

T: X=X st

(i Tx €B whenever xed.

(i) Ther exists a constant p<1 st
[Tx-Tyll 2 plix-yll | +xyeB.

Then

() T has _exactly one fixed poind n B
mmo,/\ x*)

(i) For any X, € B +the sequence wxsme
defined by Xpyy= 1% , *zO0, Gonverges

to x*. Moreover,
n

?‘x;mw I T X0~ Xo |l
-p




h“zﬂ

y=£

= Approxiwcte Numerical Solukions
=0,
L Conert  £00=0 1o x=gx).
Suppoie g nosrscchf differerbiable on
Il xe-r, xotr ]
for some %o, r omd sakishes
Vgltolea<t ¥ xed /.

W) a0k -%e| < (1-a)r
57

CONTRACTION

“Then xnmme has a unique solw
on o, the sequence

Ky = @mxb n=0,1,.
conve(ges o +he solukon x @ xnm?&
and e has e eror estimakes:

Ix- %l < a™r

TAI Ks../ < .ﬂQlS /Xs\.l X§L_

Ex. NewtoN'’s MeoDd

—

let £ be real volued x Hwice -

QSrscgﬂg diffeerticlle on au iuberval
Labl aud leb X be a siwple zero
of £ w C(a,b). Then, he zg_ﬂds”..w
wmethod  defined by B

X?I.h @mxc& v M?XSJ“ Kog— Plxun)

L%\




5%

s o ControcdPon v some s@.,mrvboﬂyoo% -
of X vd the itemdive mm&c@Sn@Axsm”o

Converges o 2 for ony %o mcg.,o,.msﬁ,\_

A
dose to %,

|

E et ¢ be a given _vom,f,\m\w

$§>V®ﬂ, . Constuct  the  iterabiom

X = wmxbn WW ﬁxs + amuxHJ (>
M= O, I, Then |
X = YT
for some X,. A Whot are the condifiony
on ¥%g \NJ. 30
(
59

SOLUTIONS OF ODE s

1. locaL Existencs 2 UNicveNess

THM . Consider e ODE

= L£(t,x) , tz0 35 x0O)=x,. ¥

and suppose that £ is comtinuous in t and x
ond Sokisfies the following  conditions

| £, %) - h?éé < K =x..u= 5 ¥xy e D,
(Lipschitz  continuous) Ve [0T]

F2Ck %)l e ¥t Co,T1 .
whee B 8 o ball v R of e form
B= Axmﬁ:.. =X\Xo=mﬁ,m |

and K h,r, T are some fnike Constauts.

EV (%) has exacHy one solubon . over [o,6]1

whenavet
ho oﬁ?& <

& £ E.Edlﬂ,nmd yH.,F\ v

and

for  some covelomd p<l



SN
(4

Pral  (0otine) Lot x.() dencte 4he Q) P:s—s ke (e S
t —

fonchion ™ C"[0,67 ¢ %()= % Me [0,8] IZym-xl< [ 14, )= £ )l e
ond leb S=4x()eClogls Ixlxl = [ Ex T, %)l &
Also let P : Closl— C"[0,8] defined by £ Ked+ hd =¢
(Px) @)= %, + hn Cl,x@)de, Ftehsl 2 Px (Y =% ()], < sop (IPx) -l =

w) telgdl

Clearly, () s a sdubion of &) over foS1i@ e, (P() € S = P has®ene fixed pointinS

(Px)®) = x(4). 2) T vas exacdky one fixed point w Cosl

) Pis a controckion on S. . Svppose % () m_ﬂsmo.mu sakisfen

let  x0), y() e S, Then xa,ﬁsmm‘%mm XC)= Xo+ ﬁ%?x@iﬁ ¥ te (o0s]
O, .

mZ&m thal S is a set of time fundions ﬁmag,x.gtxnv: < hnx | x(@)-%xoll dt + hS

Sc o8] while Wnﬁsd

Using +he ,(Wm:zﬁsx, Gronwoll  lemma”
Then {(Px) O-(Py) (01 2 % 1L x@) £ Gyl :

s - ¥l < _:,m_ox.m ?ﬁ&m h§ mxm?mv =

< ki Ix(-v() . ¥ te [03]
f_ = x()e 8. Hee P ha eodly one
< p Ix()-vy@ lle. ‘ fxed point n C'ro 8T, whidh nfact isn S

Hne  I[P5)()-(Py)() 1 ¢ 2 TIGENION S ¢l = (%) Has exachy one solukion over (0,57 .



Qﬂm\vﬂﬂ“ I Lty has  continuous partial derivatives
0.0t s second amgument ond  Continuous one

@ded portiol derivalves  wet s Pt agument

in Some neighborhood ¢ [0, %1, then (%) han
o unoue sdubion over [0,87 for sufficienty
small J.

* Twe Dol - GRoNwWALL  LadMh sk

Suppose  czo , (), K() 2o y continusus
and, £

)< C+ .fo K& r&)dt A te (o]
123@3.

£
rix\¢e C mxﬂm . r??@ ) + te _.;omﬂu

PP
This lemma allows 4he derivalion g exPLiciT

vpper bounds for the solukions of a class ¢

OPE's and is parbcularly usefol M Adaphive
Contro?.

©
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GLORAL existance & ONIQUENesS

\EK, Soppose trak muq eoch T e ﬂo:x& -+her

exisds Dnde Constants  Ki, he <. 1.
R CA R RO |

d WPt %)) <

Then (¥

[0,71, #T e [o,)

A\ %y e R
M +e (o, T]
¥ te [o,T]

£ Ko lx-yl,

hos meo:; one solution over

The m.amh con be obtained by applying the
local m.&w*n\:n&@c:.ﬁﬁmﬁm\mw Y. on an infervo?
[0,61 and tnen agoin on [§,267 witn
ini¥al condiblens X (8) ele.

An alernchive prool can be obtained by shawing
tnat ne Sequence Aﬂaxbm& is Cauchy in QE.Q
foct that C"[oT] isaBanack

ond use the

Spoce .



Wmﬂn\zomvﬁm oN INTTIAL CoNDITIONS

\HHU lel £ mo,f.wmr\ He hypotheses of 4he

@ﬂog/ existence & Uniqueness thm. Then, for each

z ¢ R" and eadn Te ho,&J there exisis

glacky one dement  z, e R' st dhe unique

solihn over [0, 71 of dhe Ovg

wn.\ma_fx@& P

XN,OJH No
=
osohishes x(M)=z.
TN Led

£ os W Yhe previous Y and i
T ¢ ﬂo_k& be specified ond soppose. % (), y()
e " lo,7] mo}.wf_gow

%= L0t x@) 3

) ?

X (o) = %o
VIESNEN ,ﬁ& 5 YY) = Yo
Then  for codn €70 Hhae exisks M?\U\Vvo s k.

IV =y (V< e whenever  Txoyoll< S (e5T)

69

EX Cousider e lLivear Obe

X= AW x@
where ALY s

3 X?vHXa @\V
piecewise Conbnuows. Thew
for eveny it T, there eash a fuite

Conskont ke sk [A[O; 2k, HielpT]
Hence, 1AM x- AT ¢ Ke I x—yl| )

¥ X,y m%/sw ¥+te (0,7 aud

WAB N ¢ Y lixo , A e [o,T]

Theefore &) han a tnique solh over each

bws.}_m fo,7] Q«ﬁmwﬂoﬁ&s,na b eodn %,.
Morover, this Sol'n dependa oosrscagf o Xo

p——

EX  Comwder ‘he ope (scalar)

= —-%% 35 %)= 1

Then —x*

s osf FOQLI Cwmof._kw

- t\_/_»w obe  han a unique <ol 'n over (0,81



for sofficiently small 8. Note, however, ~ STARILITY IN THE SENSE OF LYAPUNOV

thal  this ODE  has a unique <ol Consider +he ODE
over mo_&,v So;sm.f xgugn;.i ) | X = %A.wvx,vu t=z0 )
even ?aﬁnof %% s nok mruf&f | xe R"

: RY =R — R
Lipschiba- ontinuous. (The previous £

ard assume thad (%) has o unigue sol’n
Theomms  give  only sufPicient  conditions 4

. over LO &J corresponding to each wihal
for the existence 3 Uniquenem ok : OMESPONNG W

ﬁ | & Condition  X(o) and Hat Hais sdh depends
| go\uX oﬁmu :

connugus| x(0). Also, let %o be
OS .f>.® Oy\f@ﬂ 79594 On /\woﬂpfo_\/ O%. Y\ S;O.gm/\\ on O €

an equilibdum point of (k) i.c.
Yre condibions for existence s “ ? § e

. (A, % )=0, ¥tzt
Unigueness Con sefnve on on ndicator f %e) ) °

Note oy W.ol.ag. k =0
Yol e ODE may not have o solution ore Wolag. we cau take X =0

£ fuis L Re ,
for  some Hiwmes w.m; %= X2 No)=X, IS no Que we cam Cowsider he

7

, %o syskem  2-[,(t2) wher z=%x-%,

whoge gol ' X =
b6 defined ol t= Vi, . 6l wd b1 (42)= Pk, Gzt

is not




0%

—_

\W\ﬂn The mn/cr.%,ojcé poiut X ok twets
A.

o} &) s swid 4o te shable ab £, il ero

2 m?ﬁmJ >0 s t.

[ X - %1 < 8(to,8) = IxB-xell <&
uaﬁ. +N.~u0

Toudher, % is sad o be csrnoisf. stable,
3 s(e) >0 m¢

il ¥ eso

ovet Tatx&
G -%e < 8(2) St zh = Ix@-xl<e
zrhoN*.»“.

. L)

The  equilibriom ,vq,/sr is said 4o be omtable

okt

.:m it 12 not shable o} to. 0. shable

—
e

£

X Nan der Bl oxillator
(-4
Xy = X
vMNnu \X);TQ‘X)NJ Xz
xéuanO s an SQETJSB ﬂo&l.

However, solution irajectories starting
from ony nonzero iwitial state  opproach

o lwmit oycle

7B\

Note +hat +he soln ngOJQu TMad
oniformly bounded . The  equilibriom (0,0)

however is unstable



Dee The equilibrow poivd %e s

asymptotically stable af Hwe 4, if

s stable  of t, and +her existe

a d,(t)>0 st

WxG)-%ell < &) () = Ix@-%ell—+0 o
t—=00.

ﬂ;l&@:v o c???si stmﬁldfm&,
stoble  over m_qfoov i £

.mxo,r/m ond o MQVUO s. k.

it i S):qc:sf, m

x?&\x&:y , tizde = Ix®-%ll— 0
on t—00.

\Ww The  ball _
A XmﬁSn = XJXN;A&AG\TJW |

Bs, ) =
s cwc&J alled ball (or @@_93/ o
offrackion”.  Nokice +hat a.s. does not 7
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,:smf ol all ﬁmﬁajmm w_nolj.sw u
@m;?& wll be comfined i, s
«omm,,im Hnod #ﬁmopoj.@v start  witiin mwnf@

but leave  Bg g,y af some later time.
As implies thal 1) any such tmjechories
wll cfgy.% ehum fo Bs,(t) v finite time

and  IX@® X ll— ©
1) The madiwmom *ecursion’

of x(*) tan be wmade arbibrily small by stacting
doser o X, . (see stabiliby definthion)
Ix®-%l—=0 alone. does nok

* Note  +thalt
f%f 0.s. m.@.\ Compider Q. mx&ds whose

trojectories , starbing inide By z
wil Gk Youch o cone & %
before Convesging fo the X /%

-




\Wﬂ The moﬂrcgbic.\s mqii Xe is

m.@o,o%: stoble \Q-w. [u.s.[u.a.s. \

Aoﬁ, m_aim\g-m.\c.m.\cb.m. in e _pamm,v |
| Equilibriu X, =0,
0k s m_afrﬁm\?m.\c.w.\ﬁ.p.m. regord less AWUDTIER — %e

0% what NIEANES
Re: A @?r&f anympteicodly stable equalibriv
s the only equilibriom o the zystem.

B A= K] exp M%m,,s@[ pteoslt) — &

~ 6 sinlt) oy () + £ §

x=0 s a stable ﬁicrl&s ot oy time
thbzo  bub is not  u.s. over ﬁo%b.
P el £,20 be owny Bixed inhal Hime.

Then, Gonsider the wHe X&) 1 if {-to76

Ex —=—» unstable © o
£ % G) 2+ (440) [ 6= (3-+) ]
N [ X8 < ep [ 12+ (4] 1
\ o and  since  Conbnuous , it is Bounded  oves
a.s. QMZ@ Th, brGl —-
&X' Dishnchion  pefween shability amd Clo) = sUp \WNC < M)
- tzto °

Fj%oﬂ: _,w*&u%j : (omider,

h ) ] ik
%= (6t sin(e) —28)x, xlb)=x, where M () 15 a Ainiie nombec for amy

fixed +o. Thu | Given &0 , Choose 8¢ +)=
- &O?v =) x-o0 is a stable m&t_v.@:.Ss

whae  oluhon 13
15




4

)h_oﬁ Qﬁ \T,E@u uwc.
On Yre other hand, when {o= 2nm,

JAT?L?H/ = x@si mx&@siu m@.iﬁw

ov,

omwsi Z exp fﬁi& dmﬁig;

whidt is  unbounded @0 a funckion o o
(ie.w ). Thus | siven awy £70 it is nof |
possible to choose  8() — independent o to—

st Ix) V<) hzh= Ixl<s
baP.WN*.?

s
N
o

-
- -

X=0 is ot ﬁs:@isf stable over _H@&w

Tt ¢ for autonomans  systemn

sbility <> Uniform stability
Q.s. < U.a.s.

s For  non-autonomous systems
¢

U-s. => stability

Q.Q.m ”V Q- m.c \Nw

led . Suppose Hhal e equilibriom
Point  x al & of () is stabe of
some time t; 24, Then ¥, isalso
0 stable equilibriom point at all times
T e [y, +4]
M Corsider () and Wwppose +Haad
£ sabsfes
P, x) = LT ), o ~e R, ¥tz0
for some positive rumber T . Y.t c.
e Pllowing  statements are E&<@§i,
(Y The equlibriom  x, of &) is stable at
dome to, 20 |
(i) The equilibrion %, 4 (x) is V.S, ger
e infervad [ o)



Thm = Copsider G and suppoLe

Yot L sakielies
£lex)= £, %) |

for sowe posikive mmber T Ut.c.

¥ xeR" #4120

e following  stadements ar equivalent.

(H The qulibiu X o4 ) is a.s.
ot some twme hHz O

B) The equilibrium = d &) is was,
over [0, ).

DEE The equilibrvm g of ) i

axpoventially stable £ A a>0 and

¥es>o 2 3(e)»0 w+.m v
ko
| x4 o, t)— X Mg e e o, ¥ tzto,

¥ Xy o | X~ Xe NS E)

glokally eponentially sfable 12 3 aso and

{WVO = XNWVVO = \9?#\,..& W\«N.WNAWO

% (5% b0) = % N2 K(B) [ XoXele

R

STABILITY OF LiNEAR EQUATIONS

%= AG)x (%)

let D (4,t) be +the state transition makeix
(st™) o2 &) (i.e. xco= D (4,0) Xo |
o St = ACH DG t) 5 &?&THJ

THM 2 The quilibrivm 0 of (¥)

e

). STABLE AT t, £f I mlt) st
1t t) (2 mle) < 4 24,

2) Us. over L[ow) iff 3 m_ st
RG] 2m, | ¥itzt, Hhzo

mo? Sup 5?& = SUp sup __@m{&z hSOﬁKV

t,20 tbzo tzéo
,. >m»vm.. .
. £): oAt
3) AR 0P o uv%ﬂsi
, 16150
1@ ()20 an 4o /= 01¢C
o- m*av_.cj.

4). U.as. i 3 K x>0 <. 4.
(Bt e ke ") ¢ pceet



JRS

BeM ¢ For (1) — linear systems —
UWAS. &> Exponential Stabiliby.

¢ In the speciol coe 4  Unear ot_aéém
systems (%= Ax);
o U3 <> Btabiliby > Re «\ié <O
2O egeolues of A— aud 12 Re(% ()0
A(A) is o simpe zem of the minimal
polynemial % A
mv Ase U.as, & Re ?Ed < 0.

o Tor linear syshema

LocaL sTABIUTY & GLORAL STABIUTY

Led  For (¥)
Eaul. O is stable al toé=> 0 is shable #t,2 1,

\ﬂmu C.w.u
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LYAPUNOV  THEOReMS

1. DeriNite 3 LOcAWLY DEFINITE FUNCT loNs

Ter. A Conbinuous function V:B<R—-R

_—

i saud Yo be a lowlly posibive defnite
Loncon

mfuorz il dhee exists a

Continuous hon decreasing fonclion o:R-R
st ) uly=0, «lp)>0 ¥ p=wo
W) V&, 0)=0 ¥tzo
i) Vi, %)z Rs_xs ¥tz 0 and
¥xe Br=4 x:lxlery rro
Fuckher, 1 (i) holds 4 xeR"
Then  V(4,x) is said o be «
posibive definite funchion (pdf).

(Note : Some authors define pdf s  with
the additional condition d(p)—=ee xs m&&v




20

TeF:
—

is said 1o be decrescent 1§ there
exists a  Conkimuous, nondecreasing
fonchon B:R—-R =i

[\ Bloy=0 , B(p) >0 ¥ p>o

(1) V(%) ¢ B(IxI) + tz0
{XM\W‘\; .

Exauuples :

o W,(x,,%) = x)~+x~~ isapdl ond:
decrescent -
s VU, (hx%) = ) (4) .azu%
but not decrescent.

’ <~TJx€xLu m#??%w IS not
o pdf. V, is decscent.

o W, m,xA ~X~v“ XAN.TW..SNVW s an g% ..
though it is not a \U&%

A continuous %cjoqu <..%wxﬁs|vmw

T Derivative oF A FUNCTION V(4 x)

AloNG THe TRAJECTORIES OF mn%?vé

Corsider +he  system
%= [ (Ct,x) (*)

ond a foncion  V:iR*<R R st
Vo is  continuously differentable wt.
all its arquments.  Also [e! 7V denoke
e gradient of V(t,x) w.rk x. Then
ViR *R"— R is defined by

V(%)= 2 (ox)+ TV (%) £0tx)
and is colled +the derivotive of V along

the Trajeclories of (k).




2

I LYAPUNOV = DIRecT MeTHOD.

e Consider Hhe sysfem

%= £(t,x) 5, tzo (%)
.%m..j Ou"O ) 1t zto

M The equilibriom point O at 4, s shble

i¢ thee exists o Continucusly differentioble Lpdg

v s.t )
v(,x) 20 ¥izto ,¥xeBr

for seme ball " B¢ m.,\‘ﬁ:

Further, 1§ V is also decrescent | O is U.S.
over [to,c0).

Remprics This i3 +he bosic  stobility theorem
ot yepunov's m.%mD* wetod. It ha a natuml
ntecpretation ? terms of the okl eneri 7

stored  n +fmw/.+.w+m3. That is, V con be

Trought of as on  approprale enemzy funchon
which 15 0 ok ne origin (equililorivem point)
ond posifive everywher else. Under #ne
assumptions of the thm, V does not increase
with FHme , hence the energy level of the
system  never increases beyond its inikal value.
Tt is importont o note dhal :

V. Only e local behowior of V agund the
equilibrium 13 considered (~ local m«&um:?v
\&. Not any V, conbiuously differentiable lpdf
will do. For Mis reoson , o fest funchion
V (cont. diff. lpdf ) is usually termed an a
“Lyapunov  funchion Candidake”. Only afver

V has been shounm to sakishy Hhe conditions

of Ine ¥am., V can be called 9;749@;3\ Lonche



3). The +hm, gives a sufficient condition for
e shability of the equilibrium point 0 o ().
|2 sucha V con be found , we can conclude
shobilihy . A One con acwelly prove e

Conerse thesrem  e. Bal 1§ 0is shbe
rere edste o Lyopunov fondion, bul dhe
esult is mosHy o} theortical volue ).

EXAMPLES

Omsm.ioi) the M.Lm*m::

wfﬂ X=
.MMH\%N.KU.J |@mxav
whece Y £ g conhinuous

i) ¥6e [-60,601 and some 6,

c{(s)zo

cg(c)>0 (s +0).

9

This exomple describes o $ypical
moss - ond - spring  system  with  nonlinear,
n @Qﬁ%cf charockerishics . A EY epresents
e dackon and q(.) eprserts e rstoring
force o} the mvl:&u. Note ¥nat i§ we
selech _%Smo, g(a)= sin (o) +his exanple
s dne clossianl description g on unforced,
frickonless  pendulum.

The eneray stored in the system is +he

som o}  Kinekc + potentiol energy i.e.

led 5 %4
Vi, %)= % + | gle)ds

which is & cont. ifp. lpdf.
Then /o\dx_,x.bﬂ XNW«M\_. @KXA.VJMA

= XNﬁl hﬁxmulﬁmxog + mﬁxsxP.



And Fivally V= -, £0x,)

V(% %) £0 whenever |l €0,
Hence, by he previous Hwm, O v a
uniformly stoble equilibrium.

o (TEOMETRICAL INTERPRETRTION OF LYARUNOU S

THEOREM

b xe® | V:R—R

LoN(%y %) = W?wbﬁqu.

AS

V€O A V' non - th.me,SWJ means ok

Then
o +he
vector field points dowords Hhe tntenior

A\N

boundary of each “surfae” V=c

e

g1

or is *Q&mﬁf& o e sufoce ¥eeloc,)

_LoEQ@ﬁV depending on 4he veclor field £

appropniale - .
e >§ V  may look quite strange

2
2 X
e, V= ¥+ X2 = C
8 k %

whidh 1S o doed mclmﬁo@ asf. moﬁ c=1

>y

The meaning  ond  +he importance of
Selecking  an Qm?dmzo%m V con be

Lollows

Y ..o\.cg,\fnwm% oc



A %, e vector field points  towards |
the inferlor of V=C  but towards the ederior
6§ W=C

Note ol for LTI sysems (%=Ax)
the “appropriate” NV funchions a in @o%ﬂg
ellipsoids  te. V= x"Px 5 P: positive defink
Motk , Yielding o very gerera] ond quite

m/mwo,sk stobilidy fheony using  Lyapunoy funchion

A

I More LYAPUNOV THReOREMS

1) DEFINITIONS

~+ To simplUfy +he subsequent slotements.

AZO_& however Hhal there ore slight

variations among authors )

® Class K ,KR fonckions  Let

-

¢: Lor]—=R" (or @..wa.wa%rv be

a continvous function <. +.
1). G(o)= 0 5 ¢ (p) >0 whenever p>o

MV %«V IS _:o:-mmoanmm:m on ﬁ@&
_ (or on R

Then ¢() IS said to v&osm Jo clans K .
[f in addition _.m.vx; sabsfes
wv lim %\\u_vn& \B&_.Q:,\ csw&sgm&

W&.&

+hen 4: is said belng 4o clss KR



o)

let  V(t, x) R'xR— R be a
conk diff. fonchon st V& 0)=0
¥ teR". Then V is said 4o be :

e locawy Por .% there exists nw e K

5.t V(%) = @T,xjv FteR
{Xm mﬂ.
%Oq some ¢ >O.

mmmﬁb: Be qumﬁsu, f;mﬂfwu
il deeK st
<$,LN@>§3V {+m%+m{ xe R

s (GlosAwy) PDF

oQ\oBQi NeaATIvE DEFINITE % -V s

(="

& LocAllY posibve semi definite :vmm«v

1 /\?xvaO ¥ .mm%wu&anWﬁ and

?ﬂ Some .

91

@ RADIALLY LNBOUNDED I T ge KR

s}, V%) = ¢ (ixat)

¥+ eRY, ¥Xe®R"

#DeckesceNT  if T ¢ € K =t
7\2:&_ = %m,_xi

¥ LeRY: ¥ xeBe , for some 70

Note : Local wawm}rmm — B R7
Global — B = r"
Also, when oppropriate R may

be subshihied by [to,).

Nexk, lek Us connider the ODE
@ %=fhw) L tzte; )=
syﬁm P(t0)=0 W te [t )
‘and £ is sofficientty smooth =4, (%)

possesses @ﬁntJ one solfn Fhelho)



g2

¥ %o e Br. The mozs\cgm theorems
wsest e shabilin  properbies g the

quilibriom  x,=0 ¢ ().

T o if T V(t,x): Lpdf with

Vi Lnsdf  4hen e equilibrivm
Xe=0 o (¢) is_slable.

o if F VG,X): dpdf | decrescent ¢
with  V ._
X0 &) is Unifomly Stable
o if I V(t,x): lpdf, decrescent
wWith Vi [ndf  then the equili brium

Lnsdf +hen +he equilibriom

Q

Xe = of k) is Qs_.mohs\{ QEEVT&Q:M\I

stable .
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¢ If 3 6,,6.,95 ¢ K and
V(t,x) st
Gollt)2 Nox) < ., (Ix1)
Vi) & —~ G (1)
¥ telh,0), ¥xeBr and some >0
and  F constnts ¢, -q >0 st
e, G, (ixi) < G (i) € ¢, ¢, (ixn)
G Go(1x0) % G5 (1xk) € G G, 1)

%.m. G1y §2 5 §s A of +he same order of

§D%:_.+§~®v Y ze Br then +he

Guili brium X, =0 s m%osmsr.n:{ slable.

¢

o il I Vx): pdf with V:psdf
Hen 0 is m\ovm:{ stable

e il I3 Vix): pdf , decrescent \wwu%¢

with /\..Smﬁuh +Sm\3 O s QNOTD\\J V. S.




a4

e £ T V(Hx): pd{ , decrescent,
R ﬁﬁw«uﬂws,v i

B&D:{ mbounded with V. ndf

then +he QSQWD.CS Xe=0 4 (%) ic

m_or@:& e:%oasf asymplofically stable -

oIl I ¢,6.,65 ¢ KR and Vax) sk
GoIx) 2 V (h,x) 2 ¢, (iixit)
Vit x)& - Gs (1x1) ¢
¥ te (h,w) ¥ xeR” 95&. “there exist

positive constanks ¢ -Cy s.t.

¢ G, Dxé < ﬂngxi £ C, @457:;
Cs G, (1x1) € Gs(Mx1) € G 6, (1x0) |
¥ xeR" then +he equilibrium =0 #

i
i

F &) 7o globally exponentially stable

95

e If I Vi «x): pdf, @dially unbanded
and /.\T:xvm cVixt) ¥ x,+ and

some comstant C»0  4hen () has no

finite escape Hime.

o If I V(4,x) 5 wmﬁf Ilxllz r>o
95& m ﬂva V%N € km m.&v.
b (ixn) & V) 2 oy (i)

Vitx) £ 0

Y olxl = y ¥t 20 +hen +he solubomn

o () ar cs:mossf bounded. 4

- 2.

¥ A>0 and \t*omﬁ*.\ m._m\aLVO s .t

if Iz ll<a +hen Iales x,4,)[ <g
¥ t N.\mo.

(£ addibion I Ys e K s+



Vitx) < - (ixa)

¥ dxlzr E\st}wwo then the solubiom

o ) ar uniformly  ullimalely bounded

e, d B=0  such $wad

3 Tlay>o s.t. lIxd<a =

%t %g )| < B ¥ t2 t,+ T

A DEE A set McR” is said fobe

an ivariant set of (] if whenever
4e M and tozo , eveny soluhion

o4 () starking  from an Wil potnt inM
Shays witin M at all flure Himes

e, a(by,te) e M, ¥izd,

96

¥ aro, {,wo@i.

47

Suppose (%) is autonomeus

@ THN
and +here exickts « an».,of:i unbounded
pdf V(X)) st

V(ix) e O ¥ xe®r"

and e ofigin  x=0 s he only  invariont

subsek of the sei E=4xeR": /o\anogw
Hhen e m&E.on.S: Xe=0 is m?ﬁm:u

§<§1dt8~ ( Y stable .

OTHIM  Swppoe () is aubonomous
and let Vi R R be conbhnuausly
diffecentioble  and suppose Hiaf for some
+he sel

Qc=9xeR": Vixlech

is boynded and

C >0

V' is bovnded belows



9g

over the set (2. and +hat V(x) £0

¥ xe (.. let E denote +he set
E={xe : V(x)=0}

and let M be the largest ivariant

st of () contained in £, Then

whenever X, ¢ {2, the solufion: X (£%6,0)

QQ;S approaches M an t—+ed.

THM = Suppose ) is autonsmmous

and 3 V(x):lpdf ever some ball B-
IT. X ¢ \mﬂln h\hg

st V(x)=z 0

let m = SUpP /\\xv
Ixit<c

S= A XeR" : V() 2m 5 %@u&

t

ond define

Suvppose S confains no frajecforier

of (*) other +han +he +rivial one x=o0. 99

Then +he equilibciom O g §K§m_‘d+§\®
stable

Red: S may Contein  points avtside B-.

ou\ﬂ\lQ \T» @»Fmv Suppote  (#) s peried ic
e fOx)= Lf(t+T, %) , 4 ; ¥ xeR”
for some T >0,

Suppose +hat V(4 x) is pdf, wdially

Vitx) = V(+T, x)
Y2 eR", ¥ 20

unbonded  with

and Vihx)2 0

Deline
S=4xeRr™ /.\xﬁxvno , ¥ tzo w

and suppese Htut S contains no troyectorte

¢ () obher Han X=0 Then x=0 is

a @mov»f asymplotically stable equilibriom




ExaMpPLES

D. One 0% +he  wauwn %WCDQTO:m o% mioﬁvcﬁso/\
theory ig o obtain m_ﬁicf conditiony
involving e design parameters  of tre

system  ynder m».cof . E3. Covsider~ +he

system

Xq = Y2 —t Ge)
% = —-pix2— = ‘x4

The oﬁmoi,\m is o fnd condifions om

() sk. 0 is a stable equilibrom o &)
ar =0, leb Vit x,n)= }N+ et xS
Nole Haat <aﬁx?x~¢w mbxih fwﬂxm.

Then V = ®+XNN+ N}X\NLA. N.@&XNM!W?V >~
@qugu

= etx? [—2p@) +1]

- V£0O provided that PO) = K4y¥t20

LR

100

to1

Thus ,

0O iy o shble mﬁfg,ﬁj.?; ad

=0 for pP® =z Y ,¥tzo.

AZQmm ot we have rot U.s. since

V is not  decrescend ).

W Should be ewphasited fhok using o
different  Viuemoy ootain  enbirely diffecent
M*Q,gcf condifions  invel Ving P ).

m@ o het

R O
&)
%= mq (et =1)
wmd  comider +he pdf
V= x+x.
Then, V = Nm:fxwvﬂ}f,x%ri ,
which s an  Lndf over ﬂn?gwwzx:ﬂw

Hence, O i VAS (ab leant _ono:rﬂv.



Wu . Let

Lo # s
XNI!%OQLIMNKL m d

whece %Vm are  GConbinuous

?Tm?vuo

Q%?.VVOV o.m?\vvo L Ho#o

o}
.ﬁ 9(g)dg — =< as lol—
Consider

(3 2 ! G
- Vix)= X +% g(g)d&

A

whick is a cont. diff. pdg and radially

wibounded . Then

4

V= -x,{06) 20 ¥ xeR.

)
IIQMW\“ /.\ is  nsd

——

Stnce  for XH\%V
Ixi = Il >0 , V=0 (V&o for some
x40 ) ,

Fucther, Led manmﬂwu V(xe) =0t

0Z 403

Le S=9xer”: x3=071.
[l S contains amy fajectories oA (#)
it wmust have x, (120  hence X\“nm%\ﬁw.

%, =0. Hece |

—say X, = Xqo — Omd
£ %)+ mm\xovﬂo e @Nx_uvuo

and  terfore , ming e amomphons o g (-1,
¥io =0, Thus, +he only trevecory that

lies evtirely within S s e trivial travjectony
X, 2% =0. Hene, 0 is a globally ammeolicll

shaldle equi Ubrium peor S_n_ .



€ =-a,€ + Qu 3 Qu >0, lul< c ﬁ

<U!m|w.+\nww ﬁwo_,&

z zy
- /o\ = = Aw m~+ m&: -~ &mc = - QEmN
= V=-awe® 40 (nsdf

~ (e9) UB , V:UB
(0,0 u.s.)

2
Then R dt = V(t1)-V/o)

= [E = YO-V&) <« K{eh, $6)]
Q

A v
where K is a Comnlamt whicl may depend m I1.C

Hence

€ is squae Ms*mcnﬂzm \.h&mmA&.u_
Further, nmmmmvn 2¢é

- KNSEmNJr 2 ﬁxm

wnd r\ﬂ@ ‘m C;y sivee U,d,e ar UB s
0

Hence [ see ?QLV

E—0O ap t—w.

Furthermere V is townded from below aud

s Mo - increasing (V=o)

mai /\mw

lim V&) exists,

+—r 9

Sinee e—o0 = ¢Z- ot

- o

let elo), $()

b_+m§9T§}V te #e inital

85@?.\7.9\5 aum d

=d xeR”: V(xlec §.
Then we can always find ¢: 2()- @@
(noke <8 is radially wibounded).
aud V' will be bouded below by 0
Furfier V2O H#z2eld . el
mu_WXmN : /.\Eubw
=be,$ : e=0,l4 e |
T he ﬁimm& Mmvariont subset of £ will

hove ezo0 = 1) ﬁo.hQ

2) =0



hence, ¢ = coml. aud Su=0 ;
-
w oler wordn SR ,_
Mz4e g [1602250 | comstand R N
U = 0O
e =0

wd  for 2, e O, (by conn truckion )

?QS:L\Q an t— e e,

,NAS E =0
. Lim 1= combuont < Jogc
bs& % T\:vao .mQ;D: tz t,
. amd some 4z o0
” we gk Hob  Lim = 0.
{ <

106
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\/ LYAPONOV THEORY 3 LINEAR 3YSTEMS

Consider o Linear Time Inwvariont Q\Ai

- system

x= Ax ;3 % (o). = Xo. (k)
The  stability of (%) m,.m@_%m equilibrivm 0
o} E/_ can te determined by studiting the
Q&@Z&me g A

On 4he olner hand, using a  Lyapunoy

9@890? let
Vix)= xTPx
whee P is a symmeiric positive definite
marnx  Le.:
P e Hﬂ/st ) P=P7 : X' P« \V.Rsxs.m
¥ xe R
x > 0.

® Conditions for  P.D.
Led PR . P=PT. Then Hhe

]

)n0:9c.,5® shokements oz gquivalerst :

|0%

) Al)>0 =12

..QS
i T
NV 32 hon 95@(;05 Al 2 P= A A
3) Bvery principal wminor ¢ P s posifive
N& d x>0 =

: XTPx = o IxWC , ¥ xeR"

Note: A symmetric  wakrix P has n

9?0&058 mwgén»cﬂw ard n ol eigenalues

and Can be  decomposed Qs

P= OD'AQ
where U is cjioff olsowoso@ qucuHM
A is %Qmosgb.
Hence

szsmwixﬂm XTPx £ Dpax ?:x__m.
1l 2in(P) = 0 4hen P is said to

be Positive sewmi-definite &xjvxwo ixmﬂ,ﬂ



- For Pz0O \ W:.ﬁ = Auox ( P) TeM . iven
{ " =
for P»o

LPT !

Anin (P)

2

A e R Hhe following

statements are mﬁ§<9ﬂm\5*”

- A.;NmT.,mDJu < O
Thus +Qf5@ the derivadive & \% 9@05@ He .
Tojeckories of (k) ue get |

Ni)= %x"Px + xTPx =

ot

« i) Ther edsts some Q@ e R poritive

definite  si. ATP+PA=-Q has
xT(ATPrPA) X
Lok a  onige soln for £ and His solh is
¢
ATP+PA = - Q. | positive definite
(> ) NG R
Then L Q s PP, Vis ndf = ?9 ¥ pa Qe®Y" I PR sy
Q& is AQ,V A_S. ! APaPA =-Q
nren h | and Hiis P s V.Oﬂ
\.WW..I ~let A eR  and wo,m f be fhe |
. Lem . Consider +he  *Lyapunov équakion”
@@@«Z&gmm d A. Then, +the equatiom -
. (&)
AP+PA=-Q |

APxPA=-M 5 M=pMleR
|

and  suppose WT&&M <O . Then
has o unique soln for P no?mwﬂojocsm to , 0 1y
=N — | P = R ®> M ®>¢ d4
wery Q € R £ A #0 ¥ iy o
104 lo is the unigue sd'n of ().



TNSTABILITY  THEOREMS ~

Consider +he ore
%= £(t,x) , tzo (%)

with  £(t,0)=0 ¥ tzt,.
THHM © The equilibrivm  point 0 at t, of &

is Unstable f ther exists o Coukinuausly M
differentioble  decrescont fonchion Vi BF<R>R.
.t (1) < is fuofm | &

(¥) V(00 =0 aud Hnere exist points
¥ achitorily cloe o O st Vx>0,
(Vs noh mmuind bohe Gpdf . However,
v the e e both V omd V awz {pdf s _
the  equilibriom is called ooELmE unstable
e £ 20 sk Every L%Ewmme} x(1), -
oter fan X=0, sakishes (x@ize Bor sowme L N\_\\@

B The el 0 o (P onsdable (£
3 Vi R<R—R , Cont . diff , decrescent
awd <t U] Vi, 0)=0 wd V(4,x)

asumes poifie values S&mgb.f dose 4o Hre

origin, .
a (i) V(6 s of Hhe {orm

U = AV ()« V, (4, x)

whee A>0 s a combont aud 5.%%;'%
s sty V,(4,x) =0 Hitzh, ¥xeBr
for some Ball B < R

\ﬁﬁu Nﬂm_ﬁm,\v \\nrm. m&S.Q@D.Q: 0 att %
(%) is unshable 1f Ahe )no:BSx\a conditions
hold. 3 ViR <R=R ol Liff.

Omd A closed set 0 containing 0 nits
inteaar s.t.



) 3 open st 2, ¢ O contasiving O om
ivs Gods%j

\b Vhx) >0 Y otzd, , 4 xm\p\#

]
V(,x) =0 ; ¥tzh, ¥ x e Ubﬁ

T\Sm wgs&i
ﬁb4§\mv

S) VG is bonded above 1w L2, oniforuly

n t
4 vV x) =z q?x_; Yizt, 5, ¥xel
W here y s a comy K fmction

?o_ﬂm Q IS not :8% 4 s «M&Q\:\m% o hold __s\&

Pickorially: <)

V>0, V>0O

{14

lo sPAces 2 TI/o STABIUTY

). A Sobset S o R s said fo te

weasue zero if S condauns  either finite

of countably infinie nomie ¢ elements.
e, mummm@ i=1,2,..
the dements ¢ S caun te placed v 1-1
Correspondence with a sobset g N.
NV A fonckon  00)  R—R is said tobe
weasurable

if 4 s conbivuous everywhere

excepd on a =t ¢ measue  zero.

\U“mm\, Tor. all pPe ﬁfoav ve label on
fw [o,) ?1 w:%f fuv e ot ok
all  measvroble funchons QS ) [o,0)—= R,

L2t < =



The lobel L T0,%) denokes Hae sek

o} al mewade finmcions L) - [0,=) =R

5.4,

e, L

ess.sop. | R < =
te [0,e0)

is the set of all essentially

bounded. fmckions R R ( boynded mxnﬁo*

%om@réémgc@ﬁ%

¢ () pel1,01 Lpisa linear vedor 3

Space

@ %peThod, (Lp,iup) is a Banadk

Spewce

e
11

{

2 with < ¢

93 for p=2 , Q\NVAJ.VN/ is o Ylbect Space -
A% = | 26al) dt. (e

\

where
=0 Y
- |1 el T pe i)

€ss. sup [ 2]
t € [o,»)

I

(V) for pe 0] and 4,9 e Lp

Liegll, < Lpn.+ugl,
( Minkowski's ._Smgg@fd

?J @Oﬁ P9 € ﬂf&u s +

Lad
P9

lel .mmfv ond @mh&

Yen  h® = gl ¢ L, and
hll, = 141, g g
(Kolded  Tnequalidy)

Der. Let  x0)

—

Then ¥ Te BT

X

Xt (%) uA
ic called e
inkerval [0, T

O

: R =R, wearvmble .

e fonckon %, C) -

) Oect T

+ >T
truncation

o x() o Hre



P& The set o all

20y

is  called +he
denoted by T_vm.
cq. 0 = e
L=t
cbe < lpe 5 Lpe

leM

P
e

Hhen:

[0,x)—~ R ¢t

wearalte. funckions

s

g0V e Lo, ¥T

Extended h.w sSpace. aund

ﬁ.Tﬂ ) W P ¢ mf&u
L

p &Jum Ci,=7]

is a linear veclor

space 3 Pwm is rt A& normed mﬁ.»oﬁ|
foc eadn pe Cr=1, if J.mZumM
(¥) _fmi.;_u IS & non decrearing
fonckon o T,
(1) O) e L. ipg 2 m>o
sho N2 O €m <, ¥ Tes
His care 400, = & e ol

o Note : for  vecddor valued fomckiomn  we
way shll define  the corresponding Le
spaces on He set of  LC): Ry R
st RN :ﬁs is  weasvrnble

< ﬂn\ﬁ:&u.

2 | gl r
Tor m.;%CQI , we write (2) as nL f»A&.

n
Mso, observe Hwl, swce worms iu R awe

any - ﬁs\v R+ Caun be used

cquivolent
withoot changing the qualitative charockerisiies

&\ the Qspfﬁw. The RYnom seleckion does p
houever, alfeck the quawtitative ospects

e ovolygis as i affecks the way distance.

i3 measured.
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M A sim e L aaum de extended o " :
R similar developmen | Tl A mopping A Lee— Lee s

od n e
. : N—"TR
the space Qw sequenes .wx;g - N sad + be cousal if
m.no? mxﬁr € mw 5 pelt,=] Hf ?2&._." Nu,c.qq.ﬂ W T < oo
1, 2 (3 :VV‘_V shs | Ve e
X = X { £ i Hwi
P oud is finite >$m§9¢<®fv A is causal L
dﬂu € ﬁfadg "
| whenever Uy ,uz € Lo aud
Ixly= sup Ixl <= (p=e)
©o Ugr = b for some T < o
ChrusaLiTy & we have
Ler A dencte He 39@25@ between +Hhe \>c;44 = Nb:b.ﬂ

ot and e oukpk of o system e F

dendtes Frun K 1T
N = Au «07 %mvnmb;»:u,v A..\r_. enote Hre cotion owc a V

u(E) 4 ()

Then a causal w4w+m3 it one wheye Hhe ¥
\(\/m!\/l — \'\/J..

value o} the ovbpud ot o.:i tme £ dependn | .
, T

on the values o} the ot up fo Hme ‘

L. More w&%@&f
1) 17



TNPUT-0UTPUT  STABIUTY

Consider 4he LTI syshem
A X= Axx bu 3 y=ex  xb)=0
The input - outpud  relokionship o +his syrtem
Con be described in derms of o Comvolution
wiegral  which defines the mapping - ,

Heu— Hu (=y)
e u@)= \ h(e-t) w(e) de
where () is also byown an the  iwpulie
fesponse om the system A \ hi+)= om\:,wu
Alse, amuming thal the wariows laplace
Homsformn  exist

N(s) = Hiyu(c)

Hist= L{h@®]

1. _ [19

Deg. Lt A:Lpe —Lpe . We say +hot
Hoe mapping A (or e tyctem represented
by the mapping A s Lo stogle if

1) \; € Fms whenever {£e f%

D3 combonts Kb (<o)

fAZI, = kifl, +b 4 £ e L]

mm WUOO s BIRO M*QTNCI
t
M mxpu,nu L) dx

N‘gmlv ﬁ..&m
Bot il ._umim_v AL (+) =

o et mbhd ® =

ef_1 m\\hs
S OA e net L - shoble.
o Lt (el (s b pmdr (alm

Tae) @, = soplbco)] - w%\\m-?fL

tz0
== wﬁo\ﬁ? = I{1lly

mQQ

Ads Ly stable.



INDLUCED NORMS  of LINEAR MAPS

A

let H: u—Hu 2 h+u is

t
Hu (1) = % h (1) uct) dv ,  te Ry

9]

o
Suppoe Hhal  Ihil = [ Thealde < o

u.t.c.
a). W Ly — Lo

b Thsuly, = VAl lule  Yoel,,
| dnd  Thtuly, can ve wade arbitarily|
dose 4o Inl,lull, by an appropriake

hoice of u.

Def : Let [ be o rom an a linear space

E and let A be a linear mop €.

Define 1.1, LAl = syp 1Axl
x40 [

AL is colled e widted nomm o% A 124

Or  4he operotor nom  induced by e
Vetor morw |1 or e @85& Hee
opecnkor Az (€,14) (e, 1-1).

pohaing

bem  1f A s a lvear map E—E  Hen
e ?:e&?w statements are equivalent |

() the lnear fmdion A is Conhinuous ot
0ect.

(i) the Unear funchion A 1L contnuouws
on E

%3 The ivduced norm g4 A, is G .,+m..“

.ﬁrh\._& A f&l Lpe r;m\PZm if ks

duced norm on Le is finite. Note +hat

s indued worm  will be the smallest cousl
K mgrw?msm e condition - gven in i\&.
definifion.  The comsbant b is 1o Cover Cones

of  KSne waps or, m dynamical Systems ,
.,Sﬁ\ﬁo.ﬁ condit onn @rm
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Bx: let  H: U- Hu hu .

o~ —

(n o
Then __xf& = Nhi, .
Further, assume Ml is finite  ile,
h e _\P. \3>m\Sv
?V R L, = PN
AN A
(i1 LR, = max | SSSL
WweR W
, N
C  Where h(s) = hi\::m. m o
® Assume M e ru , he by . Then for “
ang pe Uiy o]
Pyl = D hxalp € Bl ulp.
The inequalily s sharp for p= {, 00 only.
® et h(t) =i, %«m; exists and is
prober , rokional.  Then  there exist A,B,CD
s.t. X=Ax+RBu 3 Y= Cx+ Du.
122 | 2%

has the 1/o relakionship 4 = hxu
(it D40, h contains au iwpule
distibukion ok ov.

s._r.o. ?& is analybc wm the RHP
(Re (sV=0) i0f he L,
Fucthermore, if D=0,

D | < &)ml&o* , Por some o4 ,%, >0
Youel, > yelinho, Gedy,

4 is conbnuout 9_\6_' liua Y =0
e

(4

3 uel, 3 am\,N:\,&~ @.m\,u.M

y iy conbinuous  omd Um y =©O
+ 500

L) For ﬂmm:&g we Lp 2 y um elp
o Y 1S Confinuous. ,

(see more dckails W dmwom?/\"&fpwpmgﬂv



FEEDBRACK SNSTEMS

Consider e Joo:qaﬁSm general feedbacle
syshem

R
Y

M.
€= U+ H e,
wheye u, Yi and e m.aurwv are \mcsnrees

of time , uswally defived for 20 and take
wluer, W R oo R, Hy are operabons

aching on its rspechve went  e; o produ e
o output yi . The wwsmmn% problem under

,,Ewmfmn&% 181 given sSome assumplions om

rf, tAN , mTQ.c Hnak wh Q;.,;N .GN\_QSN Jo Some,

x5

doss, then ¢, aud Y4 also beloug fo

the sowe class.

SHALL GAIN  TheoREM
The .,wBQ; gam Heoem iy o very generd
treoem  which gives fficient conditions
onder which o bounded Tuput”  produces
a “bomded oviput”

In oue general feedback  system setup
led TJ._._L devole  ony Q.??i space
ad Lo be its  extension mfvnd .
TuM fetb Hy, Mo 2 Le—Le aud
e ,es ¢ Le oand define

U= e+ Hye,
V2= e — ¢

Suppose Hhat ther exis) constants



By Ba
W(Hae))o 2 g, tewrl 4y

o)l £ g eyl g,

Uie. if Yogo < hen

() Vel ¢ (i- pupo ?:__;p?ﬂf?,ﬁi
P P (VR o T P TP B S

NNJ _h\ in QQ&.TT%« ngns gzﬁNs Lo |I>mS.

N\—NOv N_N.N\O W+

¥ TeRy

€ €2 ) Y, Y. . have fivite moms.
Q.WWK.. % IA S DD»& Hen s mD»S Condifion can

e rplaced Iy : :fx;m% Ixl+p, ¥xel

The iwderpriokion of fue tueorm s el
il e produck ow?mﬁsw of Hy aud H, is
smaller Htam 1 Huen | provided ol «

SowRan Q/mkmv oury baumded :%& Act CNV

>4

produces o bounded ovtpud (Yy,Ya) amd the
wop (ug s uy) — E:ab han odio fuite
goiw.

>_mo.sofm~ ol e Hreorm  assumes the
eistence ¢ &, ep  fom which w,u, are
calevloted , Hws avoiding questions of existence,
Uniqueviem aud conbivuows  dependence ¢ solubions

whidt wust be etabliched sepasaielly

INCReMENTAL FORM

SHAU GAIN  THEOREM :

n Hhe prviows sebup, assume Hhat teere
exist Mm_ . mp st ¥ TeRTand + Nvm\m\/m
%)~ (WE N 1< ¥y B -5 0 A
(28, — o) I 2 5 N Er-Enr |

§4 M,MNAA +hen



€

T/ .JvtjﬁN € N.m 4 a CS.5§® sol’n

€,8, vd_vdﬁ € Nm\ which can be

obtained ;ma%éf .

mMJ The wmap m\;_,cblﬁm:mwd s Qiﬁn&i.

on Brhe=Ple oand on LxL
(P denotes #he  Hruncokion operntor at .&
(3) if ,in addition , +he sol'n conesponding
to W=U, =0 i iu L then uy,u,e L

== e,,e, e L.

ReMpres o 4). 1 Hyisa ivewr map sk

PObE), 12 g lel ¥eel,

. ¥ Te R+
Hhen , \ \
(M (-2 &y, 1By ¥ 52k,
¥ Tert
2} The coudition ) 3 te Hicorm
»5?17) Haod F: FN are n?CmQ.\Q.

I

Fuher mee il H:le—le i a camad

operodor =+ NHE —(Hel e §uz -5l

¥ g el Lo ¥ Tew, te suallet §

wich sakishies Hue oboe inequaiby is called e

wermenta) gain 4 K.

3. Using e cousollily ¢f HiHy we cun write
&7 = U m;%: ~(err)y) MA = £ler)

Then , & s staightfomod fo show ot £ is

o Corfrackion  on

% Le.

THe (OOP TRANSFORMATION THEORE M

Consider 4he feedback system

Ui e, + He,
S
My = < - E.\.mg

md et K: L, = L. aud comsider the

oy stem



4 = n, + xIN\XJmN ~  solubions 4 Sk.

ux 2 . wv The conerse 4 a is also frue :
Uy, = e, - _\IT.IA:L "4 NQALAQNV» Uz ) %y, €5 el m\mo;ﬂx Sk
- d it !w~\ﬂ . _
where m_+ Kiy ) is assomed o exis Le | S Uy, U, e = \TIQS N\: e, ele zsolb
,Tm.. MN con be OO*O.,ESN% .ﬂﬂgs .w~90 .mﬁﬁodow Quw S
/l. .
S, _” b4 | Dv mmo\@b hold if Lo is everywhere replaced
_ !
| | C f L. |
— 1 e _ & w0, (@UE) hdd evan if K s
He ﬁ Mo .
E ,“ W mon U near,
Ret . The loop ronsformation theorem s ugoriant
- ,
oM Led ) W, Ky (1tky) wap Le—Le. tecause it allows dhe shdy of the m.,d,g_ff
and let K be Ulnear U.t.c om a {eedbock mgwkmg: o ke ﬂ@lossmbﬂ QS, 95
). 1f wy, Uz, e, e arein Le and are ‘equivalent ” |, mote corvenient feedoack system .
L .
,nuo?rqsm ou _m» they Q\:\Nsbu Uz 5. mmmm o@&i@@ GN_SGJ.

20 Ny = ?iﬁ,:v@ aund € ae tu P,m and @z 12)



Thawm

( ——

Consider e equotiow

+ 4
eff)= u4) + wo hmﬁ equ (1) & (4]

ue "

\(]
we m: Ry—-=®

P Re xR "xR" it conkinuous and sokiskes
o alobal Upschitz  condition, nowmely 3k
(e, g,m) - 204,85 vl ¢ KIE-"N

fteRe , ¥58n e R
Thea () has, for each we Fum ) Me aud

n
osf ove solln ee \u&m

_.\um_k. Consider +he sqstew

2= U +Y,

(%)
Y= Gy

¢ Yz = G =

and Suppo’se Hat &, G ar ¢ Hhe fom

¢

1%%

(&, x) ()
Noa.w <) ()

.m
Qo Gk, ) (T , X)) AT

w (4, x (&)
whae & (,¢) is conbinuaus , G(Ht) is il

bounded in RY aud Wy s Vo WQTW?

) w (t,0) =0 v tzo

= 1,2
2 3 Ki e RT .

Lwife,x) = niteylle GlUx-y) =1, 2.

¥ t>0, { xy eR"

Ute. Gy, G, + Lo, — Lpe . Furbben
Fiven awy U, , U, € Pwm ther existe
mxpof one =t o} mim.wv.,a_;w ¢ PMQ
sd () s sabished.
ﬁmmm wmore  details  u Desoec + Vidyasogar,

\ &;Qmpmoc\u



Also  assume  Hhat  Hi(s) isa a propec ahonal
fronsfer fundion | analykic e Rup
Then -

SHMALL GAW THeOReM ! EXAMALES \

Considetr e closed loop sysfemn

D, Ly gaun of Wy -
%Nm :L = ;I_A& U, = sup Tﬁui =

!

%ou X M
Where Hyts Dm T system witn trewnsfer Resz2o
= max | fﬁa;
fndfion H(2) oand  Hz s Fhe nonlinar w20
Pracn
foncbon NG : & & ZQ&L TToAR T
db
N bWXN. .
\\ Ky B W
/ ‘ e Mv Incrementad Lo, mQ,,»S, nmw Hy
%) = wln)  (Livearidy) .
> + * {1 1 . 2 ﬁ.Tth .
ssume  tha €, Yi , w R A goin o}
ond  Consid the 3pace [, and ifs | , /
onaider. e 2 ™ yo (Ho) = mcwM Jo NGaldt M\N
Coresponding  exterded spoce Lo e | xio ' [k e

13 125
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Note = NG| kI

2 2 Vs
xmmxmv £ MCUW Q f <6l ¢
I £0 ﬁ x@) 2 d+
= Kz

(= the supramum . Fhe obsolule m,ommm

of lines drawn fom the origin fo

points on  the @b\%r of ZZV
4).  lncrmental gqain  of Ha

w\pmmb - sup A g*Z?ASJ mewm:,:
| x-tal 4o T (- 0 | dt

2 b

Note: [N ()= N 2 K, I %-x

Yo (o) = K,
(-+he  Lipschitz constnt o N() or
the moximom  alssolute slope of
lines ot o dongent to  tne groph &z,v

Then, if K T <t and

U 4he \@mmn back wx%@s has  Solukions

&; W., NJNN .moqn U; € N)N 4 +hewn e; ¢ NIN and
lejl, ¢ — Hagh, + o ¥
" 1= GG, [t v )
le i, < . (a6, E,S
_ll XN.—& IAmvaa

L R then ¥ wpel,,

€; € M.NN and At unique.

Further,  +he dosed loop sqshem is L, stable.

4 - 4
Wm.. Lek zx_mmd.. v

Then T, = 4
+
Since  H, : 4i= mem..i

@S& INU i..n...n £@v
N({o) =0

(1) &
is h:unoﬁﬁ



Upel,, d eiels ~

i{ Ko< 1

Cm <] ﬁ\N ....l..V mm c ~.IN.

omd  Neg il = ! m Cugl, + 0 ;m;ﬂu

L2
1—K,

Since  we Cannot oﬁuf e  small 2ean

(We hove amumed Fhroughout Hee exawple
theorem  let us employ e leop Jrowsfomrabion

ol e itial condifions 4 Hi ar O
treorem  first o vwrite e ol sysleman

¢ Otherwise | +Hie comtonts B, B, shold ke €.
wdoded 1 e bowds or teit, ). | Yo
Leb Us now comider e Cose whe | e
W) = ‘wl whide s not analyfic nfe ¢
[Pae (ond (UG, - . | -c
Also astome 4ot Hy 0 N, ) iy o} where ¢ i3 a comdont o be delermined
| the  Jorm - T loker
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W
~A
CAIA.\SN \5_ q
.LTMT], Sve
e ZN.TO._ z ~— U2 |
(J\/.k
N‘(-)

where | now, +the  4ronsformed §¢5@§f z\”

hay e @ﬁﬁur\ \Mww
\\.\\\\\
\\.\hﬂ.n)u KNiﬂ.

‘ N N

Choose € = T,_u:ﬁlo_ .\.Mﬁn M.nplf
which .,,s%Cmm that C= xNM.K,
| TL\TQT e x|
and )
8. (M) = Bl = Mﬂﬂ
X2 mev = = .f.WWmP

Mso nole fod w fs cone 2\3 has
only two  different slopes whidh, by ue
cheice o .Du ae  made B.S» m obsolute wlue
- w.u‘dzd\J = «)
(WY y, () = K=Ky g

%N AM %N 2 v KN.+ XA

by He  swmall @85 .



e The combands ¢ are CwCDzJ refenred

Uy ll, < Ket Ki \: f..m:mzm+ ﬁ._mewv :

2K, to or  the “rodius? omd He Canler” nmm

e (one Q% I, . bn d@:@@; we soy fhod
Bl o=~ Lo is inkror conic” 14 Yo

e, = Ktk \ A
2K, Kuzl,+ 5 Hag-cuyi,

mCo*m Hat on in Hie previcus  example eiel  cownkamts 20, CeR st

My & e Lye for F_mﬁwnv g\rxv.ﬂ&ﬂ%ﬂzuﬂuﬂgxﬁﬁ Y xel,

. “+ Tz o
and by e ducementa] smedl gain .
He ggmx gow ic Pm,h*o,vﬁm\. K\ﬁm?@zn@ : Vesoer + <_.%£939*3..v
s (logp trasformabion Huw) Hhe originad Zamer © O e Tupub-Ovkpuk shabiliby
lored boop i F -shable | & \m§®\<§<§m\ Newlinear Feedboack.

Y
. » Lieo " stes . Poprts T L, Teee AC- 1
\ﬁnumu.i\ # i, notce Hok (u Hee > ) Joril 66
frsence o luikol condikions B, choyld Md ou whgeting  exdension
cender + mdivs

be induded iy e bovnds ebloined C ,no N L
L . Saovw - ﬂ.«ﬂ&&?.az ow Conic Meode!

, Py e small goin Hhwn Wncertmnhy w Hierardhical Systems 7,

Yo | he Teee Chs-30, Jwme @ )



Arolher  exomple o% the  We o He
gl mwoc_s\, Hwm - s Ahe md:SQ.S& @hustnes
problem: |

Consider  +he  closed Po% miwkm:;

WWWT@

whote ~ P C mmlmm ae LTI fﬁﬁm«s\u

wd +3§mh®\ fuvehons (), CG). |

m%wo,w@ thal  Tle) s Pen an
Y = B+ Als)
whee - B(6) e Knom  oamd A(S) is

cs«,\/aéf QS&J_D,O i He RUP and
sodn At WA, = L. -

| 145

L.e. T

FLe

Further, suppose. ik (G is of 4tre disposod
d e designer. |

Our- objechive i to  find somg Conditions
om C st He doed loop is L shable
ko 93 Als) m&wmf,,s.w e prvious amumphions |
TFor %S%CQI b C be LT wha L0 Cls)
Then  +he doted loop com be writlen oo




Vo

Sine the dowd loop shald ke stable #IAgl -

C wust be st
o (1) e doed loop

2
e

> NorinaL Clocep Loog ?

is L, stable.

@uo# His 4o be possible | certuin conditions thould |

Ye iwmposed om mo,v
() iwmplies Haak | (14CPo) C 0 {lug <00 .
fochrerawee  from e small gain Hwm, we

hove ol )mo,, Qarg A(s) QS&JT.P,_S.Fm RHP

e  cosed gom ﬂl@ .
il

will e Ly stoble 3/ |

A, THO L, < 4

;s

e(2)

Henee O awoet be <.

lG+crYcal, <1.

ReM

e

Ret 1) 1P He mowingd ol is inlervally
stable  then (2) also twples ab e pecturped
doed loop il be Arbernally stable .
.g Under (1) +(@) + Esghf , He
gmmms&éi%wsws 4 solbions s also quamawteed.
() @+ A
the  choice 4 Cs). moémx,rmsrx Cls) com

leawe  corfoiv  frecdowd w

be sdecked t pHuire o perfomouce
@.TW.N\QT,\,N\\ m.w‘. &\ww\”\CﬁTOrSPD jmh\faj\_u..
onder e coustrminks ) +2)

(Bdeener .  Traucs, “A Corse iu [l

Cowhrol Thaamny”, Springer—Verlog
omd .\Tmm +¢@ﬁw\7>w.



CONTROULER  DES\GN FOR LTI SYSTEMS

Consider +he closed loop system

Y
| D6
- (%)

ae  the tronefer funchions

where  P(s), C(s)
ol the plant and the centroller respectively.

the plant P is causal,

I+ is ossumed  hod

FOLTT  ond compleldy controlloble and obsenoble.

Our objechve s Yo o,mm,,mj C(s) st Hne
Awmong the

cosed loop s expmentially stable.

Vorious amw./@s ?@Orsﬁgmu the {o :ocnsm thee
ar of ﬂo%_anc/o% hlecst i Adophive control |
becamse, W Cam be performed W a systemafic

wo and yield doedform solbions :

\). MoDeL REFReNce ConTtROL.  (MRC)
2) Pole- PLACEMeNT ControlL. (prc)

3) LiNeAR  QUADRATIC. CodTRoL (LA)
Controllecs MDTME.,S@ afhec | or 2 Coun be

designed Ustng 9/@%890 mekhads  omd will
be considered first.

Letk  Pi)= Ne® No (5}, Due
- hw/w Um.ﬁuu e P m¢v W_u )
ar mofsoé.,&u of 's’ (sisotone )
amd Gl = NG her N4, Na(s)
Nz (3)

ase AuofsQZQﬁw o ‘s’ tp be delermined.
Then, *he choracteristic  equation of Ge)
o be written as

{+ P = O o,

P Dp(s) Ny (s) + Np () Ny (s) = 0.
\



e PPC objecHve can +hen be stokedan This definifion  is achudly quite gereral and cau

H A)

,, &mmmms N,, N st +he charackerishc te used 4o Jefive coprimeness v More mms&&
equation o} ‘he cloed loop hos all its rooks &mmqawo shructures
on frespecified locokons in the Lup.” In our case, it @wm be shown +ak +wo
n other words, we want to fivd Ny N, sk polynomiols are coprime Iff their only common fockon
Do (51 Na(s) + Np(s) Nq(s) = Ag(s) @) are consramds.
where ?«@ s the desttd charocteriste | 4;.\(.*..1 AL D), NG ove wprime.  awd of
(- ﬂofsgi.b“ﬂ | - (2 %&@m a,m  (n>m) respech <m®4 +hen
To wes the m&ﬁzcj of ) we need _wo§m for any  giveu Ae(s) of %wﬁo Ny £ 1 411
propertier o polyromials | the  bllowiug equation |

4 DEV P+ NEOYQK) = Ax(s) .
PF Two Polynomiols DN are said 4o be
_ has & unique soluibion  for P, Q) witie
Coprime il ther edst poynomials P& st
< nwm&.ﬂm.wm_s,ﬂ ; amwm@.gm_\,l#
PP + Z@ = 4.

|50 1S



et © Equations of Hie form @ are
vsually lerred 40 an  DicpwrnTive sruATIONS

mo,) " Bezoyr’ EaNs  when >*5“;

Nole +at  in
Cl) wust be a proper traumsker funchion so thot
s Implemedation  will e differentiator fre.
e dgNaTz degTwal.

Cog: let PLY= Ne®

B(s)
Plynowiol o degree 9 cwd  Np(9) is of deree

Erm«,m Oma IS awounic

m < n-1. Assyme Hak B 6), Np(s) ave Coprime.
for any Ax(s) wowic ¢ depee < 2n-L,
Then, there exist ﬂQfSoEWQW

NL (Y, N, ()
of degree £ -\, N, () wmonic g degre w-L
of.  4he chamcterishc equation o &) wi Hn

Cia= Nl g

At S) =0,
51 N ()

the eowpemotor design framewsrt
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\E mw,\_,\@m*ﬁtw 4_23/. Two ﬂofgs\:&m

DY, N(5) of degree  nym Fespechivedy | oure

coprime L dthe  wadnix
Tao bo Q
aQ, do b1 be
i b
&y 6, B ..» bo Wiy
m.\. Ay, *° Q4 0 bwm _OA
0 OGn o
* O . -_ M4
ﬁ 0 0 @y O © owm

<~ m —» & N —_—>

((det (s)40) | whem

s nowsi s&&ocw

-\
D)= aos"+ a5 4. +an
N(s) = bys™s b,s Tt b

€q. let D= st ws+ i
= N= s+b
\?g l | 0O

S i o wg

and  &H(S)= 1-abs b2

= for dd S B be momsivguloas b # E
z



Controller  Reallimedion Using  ES. T Vere

Note +Hoal Dl = «erJmm;&b

_— O
whee oz ~X £ a4 Consider U= D@,m/
\ 2
amd for coprimeness  —b £ %, apd - b . , wheee  CG)= ﬂwﬂw/ ond ek DE) be o Hunwite
.,vof:oio.q (roofs in P). Then  C(\ cam be
ReM  The Diophantine equakion
fakc) P “ Soe realacd o flows
Dis) Ps) + N QL) = Agle A e e :
. A= 2n-\ ~
can Wﬂ 84,_.1.@ on a .M<M+Q3 ﬁ% DSM&C\ Q\%aﬁ.&ﬁ _ U = MMIN. NW/WP /\V
ok S Magy o= Mo
L : P i " u+ Z.NOIU U = um)u Y
< - M= D-—N N
x s |1 SR
wheve © o P9 ae Yechors 005+85,_Sm the 8&%9@57 e let
W= Fw, + qu
of PE, Qs (Py0Q =n-1) ¢ = 0w
°a@ is Qwedor oos_ﬁ&s.ﬂsm the coefficientc o‘_ T
¢ Al W= Fuy 4 9y
o L is a lower driovgulor makix wite V2= Gawy
diagenal clement {.; = 4he leadi : Dls)
Qw .m “ Sm. cosft & . where ded «mHlﬁv = DIls) ?*c?\le
2 S ¢ Ahe Sylester madrix g D) aud N() Fiq a cowmpletdy contrlladle pair

« X 1§ some madix, m@\xw@f # 0. B2



otz polynomial .

<ystem

aud O,, 9, are s.1.

-1

DE-No () . g (sI-F) 9
D)
Nyl - @p\&'lf
D)

. PPC

Consider  +he  feedback w<m+@3

C Nher  P(= Ne(®

U*vme
OUw =n UZwu m £ n-|

Then | C() an be selecked an  Clry= M)

ZM%WQ

© wmd rabired wt €3 Blers  (skeble internal

Qs@:proé& s.1. DpMNp +NeN = Ax s a mowic
o} degree 2Zn-\

WM s e, the cloed loop

will be \_,igf stable apy

157

N<®3j;

2. peC/iMpP

The  Inlemal wodd privciple cau te employed fo

design o conbdler st. dve ovtput trocks  a class

0} celference wputs (o ®lects & clam d ovlput dicturtong)
cg. Comider e dast of refernee inputs decribed

V) Lisyr =0

distinds  rols  on e jw-axis eg. Lo)=s, s

Whez LG) s

ete.  Furtrermore, suppose. that  L(s) gua Ne(s)
Ore  Coprime mofsgs._&w.
Then  C(s) cm be  desighed an follown :

Clo)= Ni 1
Ny L




where Z., (), Ny (9 sobsfy the Dioghankine cqu: sh ODy- Ny = nem

; OO0y =n.
(DO LE | N6 £ NN = A% (s) (

Then | i Zw is  Huwikz NE,_s.mrgm Q\sismrasdu
whee DAy = OB+ oL+ 9Dl = Znxt-| ,
O MRC hucked an :
dN/= OD,+ Old= nad-1 | Cam be cows shown  below
.UZU\M n—l

and Ay s a wonic  torwike ﬂcfjogﬂbﬁ. As n

the PRC cose, He dowed loop will be mdemaliy ‘ ~ Z_ J

stable  ond Y= ZT\ZM o
Aok where Ny, Ng mofmf
u-ﬁu NpN/ - Ax ~ = _ DpNs ?,L (=
A% e

DpN, + NN, = Dy zm_mO\zzu

TY-r =0 ariew Ard D Ny divides D

| _ A
2. _MRBC  Assume for the momend ok Ne | s eose we hare tha i,.m cloed SOJT
_ | ie N 1 Ne is Hunvik
s A wmouic Muofjo«s.aw/ aud Comider +he @mﬁ\ﬂﬁnﬁ S SkQS&f .&.&LN m ote Ha m. ™Y
wmodel o N oo _NeD —  Nu
e C .
W, ()= N p(s) | D Np (DA, ) T
Duls)

where Ny, Dy ae monic Houwite polynomials dence, s = o 37 dn = _233 r.
59

59



60

I the wor gereml cue where Ne i Ny o
not monic  we wmoyy  write

Py Ky Ne (5)

Dp (o)

MhO= K Hal |
I

wher Zx\ va\ are monic and Ku,kp ore

called e S,:%\T «@A?@EX m?,:; g Wy, P res Rorir

Al MRC (s Mhew  combrudked by ung a

kedfoward gain  G= Ku o pe-nolh ply ¢
Kp

The @9:@)& MRC dowd-loop  is Shawn below:

o [

(1-F)q

- e

PeM The ossumphions  +at e plaud is

——

“maivineom phose * ((Np horwik ) and Haol dhe
elokve degre g e plank (on-Onk) s

to he rlabe digee ¢ He rferne model are e
Wain  drowback s of e orenvise " comeniont” MRC
schemes.

L@ Lt us comdder e fdllowing Problew:

—

gg o %Aﬂ >X+.TC XN.#OJH.VAO
y= cx += 4o
Coore, U)o mimmize Mo et
[=%]
9= ,% [V + rdw | &b ro.

For m.,éﬁco_,j _8\._2.,.; omome ok m?_ovom 1

wmwimal  Le. (AbY is ce., 4 AYisclo.

@W_ﬁ@.. Tws s a éj porfadar  se M e



l6Z

excters\ve ophimal  eontrol lx\ﬁoj.

The  optmal %
v i j )
m\mm%n\ﬁmsg - &9 KailaHh , bimear m;&ﬁsb 5 TA =

“Brysem + o * Applied Optimad Combrol * \LQS\:_OV
Mdersn+Moore ™ Opbmal Control | Linear Quadabic.

cauw be calculaked an

—

b r* P ~

amd 2 s ?mw»vmo_cras of e alggbmic

‘ Riccaki Egquakon (Aze)
Metrods “ Fentice Hhll | braud naw! B . -
e AP+ PA- Pbr'b P+ 0404.&
It can be shaon ol Hre eppmal solution Note +not ) P is symmebric
2) The ARc hon Mor tom one solubow
ls o owe but  there is 9>I one  which yleldn
F‘ - Kx (% _ a shabilizing K anmd that is Yue
whee K is  such ik |

posthve defivie one.
n
det %H\D.T rmv = %yNL M\Whn Suppose  fuak  we with +o Mmininaze
1 :
and B are te et }&?18& roo Fs o%

Hhe cost J= w A 7, )& Fav
A) = afs) al-s) + ¥ bls)bls).

aj?,,w problem  Cam be rduwd ‘o He staudardd
\Em NG

ot
=2m Revh are &NQ‘E%D wrt. ane ,04 whoducing X = @wa , Ux=e U

waém__w wmd Her ae o ob o t@ga.&c.nu

so,a%@w the dosed loop poles o the w4mkn1§
{
- miimiring  Jo will have r1eal perks  Less

163 Yham -0,  The solubion < Hwis problem



com be expressed o U= -Kyx where
— — N}
Koz b'r Py
owd Pu 15 fhe sdubon ¢ e ARE wibth |
A beiug feplaced f Avor,
CGuoronted  Stabiliy 36&?/.
Peb : Avderson + Moore  Linear Opbmal - Condrol ’
Renfice  Hall 19771,
/ ¢ Q UADRATIC. ReGULATOR : A m;.i_&m exow ple o ﬁ
QOS\V,Qf@m. X= ax +U X (o) = %
4= %
dmd 00
N w@ ?\N‘:\SN/ dt
Soppore A= — kx
i X = x[o) ﬁlv_.mplwg.n |
B
o4 if a-k>o0

Difterenvoding  Jh) wet K we get
6Lt 65

o0 AMZ\. o leb Y x
ok K- ﬁw...dX.JN Z
\.ﬂo., on ®A+§sc§ Wﬂuf =0 oumd sinee k-a >Q
we geb b the opRom b shoyld n?r.,.f
q._nwl 2ark —1 =0
28 k =
Forther more | .Mm.u a4l 5 o = k-a =0
ok m_mnu;w

which is exactly e .n,ﬁnv_:mafti condition .
* Ja%r! V.O. I €.
K = b.ﬁ\v\ﬂ.ﬁw\

Asymphobic teolts

Now HK-a >0 = we wwst
chovse

a r—od mwxw@s&sn conhrl)

K— 2a.

Nok that if a»0 the dosed loop

pole wil be He mimor wage ¢ 4wt jw axic,
hs r—=0 | (cheap contol ) K==L e the

doed loop pole is moed deep v the LUP



to produce  a fond .&m&&?& Losed leop

ﬂmm.wij%\ .

For  inkermediote values oﬁm C, te resolis

are ofken  muost +35>§m3+f presented  in fermen

o A ot-locus plot.

Comments :  The E@.@{m of Y aud u in
J du % Yy Qy + U RU for +He wulhvarable
&S@v ae  the “tuning” mnﬂqsnmﬁw e
cloeed loop respomse.  In genenal , “cheap controls
tend fo poduce a  Bulerworth pattem  in the
C.L. pele locatiom wide has .m9§ advantages
aud some disadvantages e.9. high overshoot ) .
Addifiondl  problems  ~show vp” when  +he shate

veckor x is not weasored directly but i+ s

eshmated  via ow observer. I Hus  cane

e “donsie”  robustness EuT) of ‘the L&

ﬁw&cfo,kdﬁ : wmﬂ»s Ioﬁ@\ws =
Phone Margin > 6O°

(Vote : |1+ B(jwI-AY b[=1)

4 Oserver
is  lost. A.CESMW e L@ %w using

singular value Heory o Loop-trausfer @coveny

meods  han been shon to give “good” rsults.

Ref: @ SAfoNoU | LAUB, HARTMANN = ™ Feedback
Poperties of Mulbvariable Systems : The Role aud

Use of the Retum Differemsce Mahix \\“ léee AC

Feg. lag|  (k #4)

o DoVle + STEIN : “Mulbvarioble Feedback.

wmw&\su Concepts for a classical / Modern Synthesis ”

Tece AC , fes (7] (x4).



(68

¢ STEN+ ATHANS = “The LG /LTR Procedure

W {
for Molbvoriable Feedback conbrol dma%s\\ |
|

Teee AC, Feg 1987

6 OBsSERvVER RASED LA CoNTROL -

If dhe stakes o e plaut  arz vot %a&f

occessidle , Hhe wplementation of the (& Nmmcgﬁom
fquires the Coptuction of an dbsetver fo eshmate €
e  plamt  skeke <m&m.:. m.m. \ Rl order oym:@b

Cowsider e Plaud :

X= AxX + bu
Jn.. CX
APnd  design the filkee (Kalmau- WQOAJV
£o ate bus AGy) |
,uu CX (
Ty g £ B (e8] e

= >An\v& + bu-bu + \\/Omwlx.u

AN>o

= (A+2c) &
NS

A At
o el= g M & (o)

Assoming  Hhok (c,A) is c.o we cau bind
2 sk the egenalues A ar Plaed on
orbibory  lombions e ¥ x>0 we caun find
Al st 1"« (e .
amd  some K70

e The design f sodh & A is  exfremely
swplified i (A bc) i m dhe dbrervble
comemicad  form.

We will close s note Oy contolier des igh .mOﬂu
LTI systems noting fhak other oblerver constructions
afe also possible  eq. kraselmaier 40u Adaphive
Shake mgulokion? Ieee AC Feb £2- aud 7 Adaphive
dojecvert with  Exponential Roke of conmergene ’ Tece AC
Feb. 1T . Such comnruckions «e:q& siwdlor  prinuples
and Wl Y wenbBoned in the fUtur an necessary .




PLaVT  PARAMETRIZATIONS

et P(s)= m%ﬁ ; 4= Pou |
o () |
oR)ecTivE @ Find o pomametric wadel .
<.t .
Y= 0f T
where Y, & o signals  available {or mawed
and Oy Comtains 4ne  plant parometers e
wefficients of  Np , Dp.
We have :
Te(s) y = NpG)u
Let D) be a Horwtr polynowia
of mmm@m 7 = IDp (5)

\)Q _

EanN
O

Then

mmm Np(s) o
D(s) mf Ds)
T 3 D&- wvwﬁ = Ne()
D(s) DE)

sy = By g [DO=TE ]y
Noke -k UZwE < JDp =
)[DA-Dpm] < O
AIW_h , D-Dr  cau be realred £ l%exs
of e form ’
w= Fw + bu (o ﬁE:BL.
N= Bw
shee  ded GI-F)= DO)

(7, B) is o coupldely controllable
peutr
e s cs.g;@f determined by Np

[71 (or D-DF)
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For  exawple,
_

m M-
Wylm _ :mow t+ BasT H ot B
P Stdg s+ . + d s
s
- (<)
- ﬁ@....ovﬂ,o s Bq 5 - WB.IIW :
{
S
n—i
D-Dy = (dra)s™ + +®:+.|QS.I¢
D sy d, 3"+ ..+ day
. © o
l <<, = YV u
I-}I.—v - |..n..w_ ﬁ—v
(\\l/\'/L e~

|
/\_Ull hmiuzvr«..-u\\mo s 0;...0;1% <<\—

mméﬁaf \mqﬁ &Nnﬂ Wy bu
<Nnu R&%v UA&jD,Ju Wz

PARAMETRIC MODELS W/ DYNAMIC ONCERTAINTY

ADDITIVE  UNCERTAINTY.

Y= PisYu = ﬁmum&».imwﬁw,@s

moﬁmv : NOHINAL  PLANT = .W\m
w

A(s) : AppiTiVE ONCERTRINTY.
PoLes iN LHP. PROPER [STRICTLY PRoR

D@ Y= Nelshu+ De (s) Als)

T %.ﬂ
-y = O, W+ 9w, + D AR U
D
F.\IJ\/L

;

(see  prvicos mxoz%,my )

\ r
* successhul

For idenkificokion We veed m to be
small in some sense, le. the corresponding

De A 4o be small.

ivduced gain of 2



7H

MOLTIPUCATIVE  UNCERTAINTY ~

y= P u = EBE(H+2a0])u

P (s) @ NoMinvAL PLANT

A(s) © MULTIPLICATIVE UNCERTANTY
Pores iN LHP.

Dpls) v Np@lu + Nels) AGY U
; T v No(s) _ m.,wv,.w
- Y= S w0, w, + leﬂD?.vc M
——
n.
Note : If P is proper mmeQ,I w@wmﬂu
then .Ivuﬁ A is proper mw.T_.QIg Tdm@L
but A i< not necessarily  proper
Aqain M should be “small”  ie. +the correspoding
nduced  geun of IWN.D shoud be small.

{15

R, STABLE FACTOR PERTORBATIONS

The  previous  vncertainty models  do not chang<
Yre BHP poles of +he plant ﬁ.m. P, Po have
the some RHp woﬂmmd.

Howeger | 1{ we  comider

D, Horwite
st DD D= BYAYY

Zn + AN ;

PGs)=

B(s) way rave differnt or even different number

om RUP poles thon B, = MNe
om

arises  when we consider

This tupe of models

on ope of theform

(orarad cady = (oo Al end bl

where Ay = O
pm & O

for mz M

R



Lel wg be o Horwitz polynomial of degree

0 TNUX Buv\ s.t.

D, is a fackr of D, .

Then
DR R0, DiNp x AN,
5 5
- D — ZV AN e W\m
=£ = U+ S—u= = g
1% 3 D =) =

And 1  shold be sumall iee. JNWWVWW

shald be small

mduced m&.s.

in tems of e corre sponding

177

Pictorioly

{.

2,

ADDITIVE  UNcegTeanTY

|8}
F\vmﬂl%\n

l«— P —

MULTIPLICATIVE  UNCERTANTY

e W

3.

4]
L&
D

ke———- P —

STABLE TFACTOR PERTURBATIONS
=)
- Y
e

-~




. >mm~__,.8r§ of SP&
In MRAC we hove Hid e frackivg enor

J Comu be  Grpressed om

e = Ypym = Wls) ().

whee ¢= 6-04 , w is a veckr Q%gxgﬁw&

Noe ok Y can be exprssed as: m..mgf Wy(s) (s the framsfer fomchion & the
. | reference model.
g= 0w v LA %] ©
| With His @ a mobvabion, lef vs comider
. . the mf\W+m3
where  for  the additive vncertainky )
e= Ae + b@w) CTEI-A) b =Wy
A= ﬁ Del) py , 0 |
D () | @L ¢, = CTe
for  the mwltiplicabre §£l§.sf mmn bt &8 1 y790

= Np(s
A M ﬂo D?f QQ
and  for  Hhe shble factor perturbations
A= ﬁ. Ay bmu \M\MN

And  assume  that W,(s) ie SPR.

Vi



Then 3 2 =P">0 s+ APrPA=-99-tlL
‘«Vvﬂﬂ
for some L=L"70 , £50 oand g eR"
Choose V=" ¢TPe + %4%&.
Then, V= eT[ATP+PA)e + Z&TPb ¢
..Nm_&ﬂ&.
- lqel’- & le + 2l bW O
€
~2¢¢w
= - \\&ﬂmzm| g e'le
< lel”

where E = E.- min WQ&D“

Hene , &) i« v.s ) Vs UB , fledl € L,

29 (3]

SIMPLE ADAPTIVE COMNTROL. SCHEMES

I. DIRECT ADAPTIVE CONTROL

ln  dirct odaptive control , the controller pamueler
ae  eskmated / updated direcly on line withovt
using  auy explicit  iwformation about fhe ED;*.
poamweters  or fueir eshwales.
L. Adaphve  equlabion
Cousider 4ue scolar plaut

-]
X = ax+ h X 0) = x,.

whez a is
ofmorcm\ I3 1o delermive a bawded fnckion

w= .ﬁ?xv s.t

cowlaut  bub yubyown. The conhol

He state x@® is bovuded and
oosi%@mm boo w Yo, for auy  given jnihal

ﬁOS%WT% Ko .



{

Led Gy >0 e aw 0 Pror selected - 1_9} can be expressed on

° %
DD(CV*QS* D.SQ WCWBN »‘SQ* .IDE Ww *\YN X = — Owy X + T/ po f_\./\ﬁb/vw A.VTJ
U

desired  dlosed loop moF. (L a wew byowu

leb k= K®+KY  wher €M is the
Hieu +
U= -kx | Kh¥=araw paraweter  error,
cold be uwed to achieve ‘e onhrol objechie. fence | X = ‘ofx%,ﬁz xJ
Since o s §§q€s et ve v 2 x= -L AMXV
St+0u
b= - K@) X -

A siwilal  wsolf cau be obtained with a m:mrxc_
aud search for  au appropriate law kdmmsﬁd%m

dilferent approoch @ Rewnte (k) a»
K#). Such  faws cou be developed by

_ x = 4 Q»,rx + e;
pﬂﬁf,sw various wo_dimrmﬂ idenhRealion StOw v
= AX* A X 4+ L U
St St

tecviques  to  appropriode 42350_30 wodels
Obtctiu  au eshmote of x  vusivg K
whidh are Linear tu  fe wmbyoonm k*.

A

= |
X Stou mﬂmtx .:;

For mngiw. from b = araw  we

'q2 Nove  thol 0= —du+ Kt Heee the whidt  wokvates e defivation 4 au eshwolion

Yo



!
i

S

S Axx,r& — X
S+ 0w

= 2 (keru) = 4 (k)
S+ w SxQw

= ﬂ Qx;x*/xN :

£ where

E=—X+ &

Haal

‘Q§.~.

Noke

when  Frunler fuckow are med fo deribe signals.

Aud &39&; they shold  be  takew into 928:@

their effect appears —omally— durivg e toaiet

periods st\ without  altering the  fiual mﬂmuw&‘.}\

[ boyudeduess  result .

lel v comider au vpdate low  for

Nexd,
K(t) \\V DSV.

x(o). Such sighals often appear
&

{. Usiug f&us\g\ techuiques

ek xﬂmumw\fxvc:fmv fo be

determived .
Choote /\\m,awv = nm.w...,r :Fk)”h
2 NW\
Y 2 (1L oAl
<:t§fm+ﬁwwm\.v+xmm
An  obviow choice umow m\.v is m‘nl%mx
whidr gives
Ve - auer £0

m\ =0 I3 a US. 35.9.@153.

M®HO~ e
Further, ¢,k ar U.B.
Siuce & = — <yl + kx

v ~
= — o e+ K& - ke

2 ¢ s UB \mﬁ&v



S

T

Next, Vir)- Vi) = [ved
T
= % 2db = MO -VN&) o siuee VA)
° Om 'y OB
-
S sluee % mm dt 18 a nondecrzanivg funchion
o4
of T \ e dt exish aud is Huite
[}
€ e PN.
Note fual v Hus Cae we allo hawe Jhat

VE) s non viaeasing fuuchow 4 T (V=o),vzq

hene dud VOT) = V(o) whick exish
T
o
E R e“dr = Vi) — V(o)
Fucther ¢, é €d = L el =0
t =50

- - ¥ € Lo aud X O as 4 0,

And  therefore w e ko ﬁwv v e lw)
U—> 0O an +-200.

U sohisbBes  He contrnl objechive —ﬁ

An ?.wolpsm &imnroi o ast ol Huc Wv.s«

is whdher K@ — K¥ as b w0,

L. ®me~1& e, x — O §+l8 =

K—0 oo t—o

ie. 9&1\972 swikclees o&w st%ﬁ\o_s,no,:g wh

Bwe. Twis  dack s,/oc&\‘ however ,  dogs wot
guoraniee Hnad K= count. let alone K— Kk*
| (see Hw#2).

Tor Mis siwple exanple | Tough, (K| = imL

5 |1kl =y]lex| mxafm /\?xﬂ.. < =
(tolderd Twea)

A_s a  wore mh\o®8,~ cve  where .Xm.rovmmwﬂ
oond mrmrrz ocﬁpma)r argueds  shold rmcvmwv

& GIEﬁNQ K Converges Sine fw:m~ < o



To T.sa the P.cci, note ok

L V) = Vi) = lwm £4 E

£t

. lw N\c\t = * /| 2y Ve |

1304
T OKE) — K¥ o+ 2y V(=)
ln addibm t Hus, Hhe siwplicihy ¢f tHe

cawple allacs  for  Hhe explicit derivation gf He

lubion €l x, e ie.  for XB6)=0

—-ct

e 2ce” - elo)

C+ Ko - Q+\n\wo +hv ®|ND+

Ke)= a+ € [(e+h-a) "L (e —kova)]
mm.rwolﬁu e%ct +(c-to+a)

where ¢ = wxw.rmwo\mvw.

Hence , i e >0 , Lim KO = a+c

£ ®

c <o Liwm KG)= a—c

15

e b KG) = Ky = R,r\%\x%;r%ﬁ»vw

FENN
s fr % 40, KB conergp o a
shabiliziug gain  whore value depends ar y aud
the iuihal condifions %o, Ko.

Forflermore i the lwil as to e, He doed
loop ple  ic - ko+e  which woay be differart
o ot

achieve signal boundeduest  and a%:\prax o x

Siuce +Hie conhol objechive s 1o

b e, He conerence o K 4o k* it couciol
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Zshm r\ﬁm iu Huig Cont & U0 m% X UB . .?Lmﬁ fraun on m\xw?m\_\/fp_ - X is nosfScoSf
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A GRADIENT MeHoD.

Comider  He paraumetric model o e w\ni

A A
= K¥ X+
A A
ETTﬁm XH\\\~|1 X, tn\rﬁ mc,HlTXJ
S+au .M.+§.\<
A Pavl
Then, e= Kt t-x = KX
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lel m be a ﬂogg&mﬁ.xw m:«s& vsvﬁvm pUrpeE
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Comider noo  +he cost

e (Rr)

N§ 2m
A2
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Z - =z
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widt. T decases wrd. K. Thee U= - €Ef - _ & <o
A “ \»4
»wmgsu Hat  R(¢) does mol depend on k@) ) .
KA, Lo £ e
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K=V sg=-rE= 1o Hoorer,  since £ 13 0.6 el
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omd  x e Linly., uelnty
(Porther x, Bodhded = x—0© et )

Comments ln This m:ﬁm\m Tﬁﬁo&m we have
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o morz m%mn% cases. i.c.,
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ad € elo.
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T
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t,

whee B < .
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o
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thal  He Rls.grg €+ Kx  “agdds” energy
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A more mm:ni + more compoct  derivation g His
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PERSISTENT  exXc TATION . *

Consider +he lLnear medel

/\1 = © *42@3 + £
(s . 1> ow exponentiolly decowjing ferm
due %o wmitial Couditions )

oand  +he dents fer
T
%ﬂ b ® 2 'y
| (i
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o= Yi-Ye © $Tw + Br
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Qvﬂ © - @*
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/4
* ReE msw+l 1+ Rodson 1 Adaphtive Control -
mgr.,ff Corvergene « Bobusines: ? Fenhice 90%

Hall , 1989 .
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gradient
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, N@su 1+ __i_ﬂM - modified normiclined m..%__.msc.

mdnnw._.s\ 5 w o, m mPM.
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X
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Effects 4 initial conditions

When = PwWtEr 5 &= k.&*% xvo. i~ 8- - & €1 W g e i N®v \mimj.s..@ @u
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Tiﬂﬂﬂu/orsm
Assome gt it is kyown a priod  Hhat

ot ¢ @ oL . init vedor perpendicular to
O - cloed comex set with smoobe bovndary the  hyperplane (tavgent ta' S ale)
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- Dee let 2 ¢ R,—R" st zzell. ‘ - PersisteNT  &XGitATION + EXTONENTIAL. PRRAMETER
2 ¢ called amcgpw L there exish K:xn 20 st. - CoNVERGENCE .

| o law]| = x [E +K, A tzo _ | . .

| B The issoe of porameter convergence s related

- ((sobscriph 7 denckes +8<BT05¢ .

B , 3 e 8«5‘_16?0 wr»r,rf oL e OTE.:
mm et w wegular fuf  sin(et) is mot. = mpwwTd s% )
. | o o - which _,w Jue  form .
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m . e . b= — AG) Aw
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i 3 %, ,8>0 st

a&:_gf the .ﬁ%r_\m eror & /) +iwl, +ends | , _ Egtd _
Yo 0 a0 E—=w . This ull —— - alz bmo W) wir) dt = a, T A t.zo.
AL
mm.«o&;mrwsw stability % adaphve controllers wher Alfaaugh  wew'er) is  singular # 7 | PE just
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50_35@ rSL. _PE iy a UCO condition on
e miwg R
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For ue poaf of e ticorem  we usll uvse
e Auc;os.,:m lemmos:
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$~3 ) *m@ao, T.,&.N o>
.Te&m.

X (ko) = Z?xai& & B '(r,40) CTe0) ya) de.

m ﬂgv?vmvo



(O

f\%fp TV ni nk-mg\v

Cownider w= AMIX 5 o7 & (=)

mm&

Then twe bo//qﬁ,,iw are mACL.ZQ/@)* .
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LeMM A mde Suppose 2= %) 5 % W ﬂdb‘n o»’b\,m exes Y.
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At
DeNTIFIER -
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soowing 48 o boorded ()b Um)
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Q\«%\KQNJ
Y- adaphie goin 3 ap,ty,0 @ aniu Pe definibon

m: Nomber o} adi oRode pouCusetes S

9>
o>

IEndiR LV S

Y, refemeipol o o small, cote of conv.

When
2
@xte of Conv. = Apgvid%\q» i”.ws&

| w,?,&_ms ~lage  odaphve gpis + reberence. tupote
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e lnitiadl Conditions i He ﬂ,DS_A do rot affeck
. Hee excorenkial shbility of the identifier

© Trey do howevert offeck e rake of conergonce

tw i{ +he rke of ‘mmBA_;mh e TG tronsients
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‘ MQJO«._?B ( Geismeier) .

s £S5 ot tne [denbiGer also @Cgshmmm some
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whenever  Ixl ¢ 5 for come

§50. Then 0 g (&) is €s.
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con be shown o hold |n +he care e
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.4 is nok gen by o ue’ &_d%ml algontm,
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inpot mao?%@v iz 5mn®wwoci m order ‘o guamniee

a “not -arbitorily - small ” Tode of exponential Dregene,

N1d
mpuk w. Assome Prod U (w,) - Haljw,) ﬂ:ﬁf. e ou s %or ol order K< 2n
OE cs&if Wém&.s%l an et W,y €R will conerge Yo the sobspoce. @ Rwlo) h.@-m*q&uo

222 Then w iy PG 4 0 isshf. ridh of order m 223 (not necessani iy 1o a cornfount)



HODEL REFCRENE ADAPTIVE coNTROL

CONTROLLER  STRIXTURE

1), PLANT  ASSUMETIONS

gr = Ko 3ES e = LGue

(siso - FAHu De, 7:v afe MmoniC Coprime
polynomials of degree N, m respeckively (nm Bmon)

“Hvo () is  siricHy proper

A,Zm@ iy Rorwitz ml,.ist% phase QZCEUTQ.O

H.ﬂjw sign of +he high frequency gain Kp is

. “ﬁsocus . W.oelog. Kp >0.

2) REFERENCE MODEL ASSUMPTIONS,

Y = Wy € = Wf IZIZ_ C
Pm

Hurwi 1

Du, Nm are monic, Coprime vofso.:._&w o}

P

Cwhee N, , Ny oz polynowmias o degree

| mm&ﬂmm N, Mo ﬁmwﬂmQI,\m\f 53 Ny <N o _
n-2, n-\ Rmvmn\Iﬁf avd oothQ@S*w nofmr._ﬂmf

ddeomined by 6 (and vice-versa)

KB > 0. .
DIS) - Munsite o} degree n-l i Db)= deb(SI-F)

-2y 3) Reeererke WPUT @ C @ PW contnuons UR . 7215

—



s 3 oniqe selt o controller parameters
.@ m:ﬂNSL ond ¢, < *t.

ReHPRE <
F,00) sold be sdeded sh. Nm @ s
‘a fockor ol D).
. ju—y
”|._|jm3v A
_ U= Gt + = Yt ._.Wr Ye
- ‘ Ny - = DL |
= B olers Byl s e
~ Ye = ¥ D Np C ‘ ¢
N, Dp - My Ke Np. .

And trecfoe I ooiique N, (9 R, ), Ny G

ﬁk &WH.

Wy (5) 7.

(see  prviovs lechres)

e = Wrlr

Futneemore Hils  controller @.,685*&

infernal [ exponenhial m*d,vwgf ok the dowd ,ﬁoom\
NN

Reare
CNote Hot o
W HRC.

lot of concellabions oceur
: The plant + Contoller have

Zn-2 m_«o}mwg n-1 of them are cancelled

_ H_:> e controller A ﬂml . WW. v . GS\%D Corres pord
2 .

ot conellakion  of T by Fhe c L. derom.
w (9e4)
o N itn tne 5. (4e/r). OF course, all ¢
the cancelled modes ore stable  cibher by atiomptio |
(Np) or by design (D).

And M comespord  to e candlake

0

- Another representation ¢ the controller in

 dhale space form  ig

Ug= Cof + 0w

where w= N&M

Note ol s expression is Uinear I Hhe

(Usuolly  mbmown ) controller pammeters,
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and  w, © ae  signale availoble for mensuEment-

m Tre  romiral of desird  controller porometen
for whidh te WRC objeckive \t adnleyed sl
be dencted by (OV* ie. ©%, eV,

”ﬂcl%méo@v W Mg oomulabion, e contller |
conkiin o diech Arroughpud Yo >V
A ,erD.O*f propel  Contholler mmw,v\..cfd Coun be

_ obkauined by vsing n-¥ order flers F

meLmuLﬂ u v  Such o

_ ond
" nHlﬂu\f Yy

lebbng  w=

Controller ™oy have  iwproved ,..ovcur:mww\

properfes , wn derms d high frequency noise

or tamadeled dynamics ,  bud it dees equi =

e update o} an addiional  posoumeter

o let

Case 4 Kp= Known 3 =1 w.olog

_: Hads noum‘ +he Iﬁpﬁ roomu 65‘ be writlen ao

W
. . k Up Ve
= Q TR
%
__ where 0% denotes the nominal ,uofsoio,ﬁ

o e 83«98@84 and &= 0-0%

'Sy dencte the Hramber foncdion
 r>up  for e nominal closed loop.
Then
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RCJH .—a1+%42¢ + &,
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o

‘vQﬁQ;m*mA/ CWQO*@ Law B
We wn  nstruct  dne m,_WDO,f . rem & &% e law we hae

e e e oy g o
. Ve - e d8f = —e/m €0
Lt e = e, + 07 Wylwl- Wy [67w) ﬂ s Vs VB, &/ €Ly
= o $TZ - WydTw) . Sine _FN\Q\«NJ is o8 ©  and & i3 UB
- &7F 3 G =Wy w, el/m s uB o b is UB. and MRl els

M ( Avermenrteo ceRoR ) ‘
€, con be comstruded from kyaon signals. KT con e wiblen o H[upye) whee Hyw

s a m_nﬁ_ﬂf‘ proper , Kyown gmmﬁ_\,msntgghéo@jxv

. ®o

& The onkmown  controller pofameters  sabisfy

the  Unear model  equakion whide  dpends on - W) and (F q) . Cw.,sm e

R XA (+ &) H&%m}@v d -l

o .m.SmJ v be &:mo*f estimoted WJ.. \r/>9r @.Nmnvmﬁwu Zc <= e s must be
choen  so el Re mo:mn\Z and. Re ﬁwoﬁ&@fu..—\zuM

WEE sl e VB provided
m

m.un Mvn.. - Nmm;m\s

ﬁmz Siwilar properties  am be obtained  if the
adaptive low s Mvn -% Ez_.%ﬂsué and
Wu) is SPR.  For s however we must rguire

m : Zo..SDc.ﬁsd signal
1+2°% 2

ﬁ =, . m&rmo e ~

%) 9m .
Q\A &N 0 N\WP

[



ot dhe plont has @l degree =1

. Jre  robusmess properties e odaphve cortroller
(n-m = n,, - SBJ. This  assumphion although 3 al

: ond s berovior in Hhe presense < edernol novte.
1 Ay me In several opplicokions, ik iz quite |

. (The isue towever s shll wncleas ).
resheickive . The price paud 1o remove +hne

. - Y Tor Devails : % Narndr + Valavani , Teee AC, Ag
 SPR ondition |, 1S the Use o) 4he augmented M _,

, : a8 a0 Jdune  [Sr0
ecor signal e, ond the awdliony vedor %

ok, ¥ Nofendra + Annaswommy : Shoble  Adaphive

whidh  Werore  the %39&90@3 &M Ye ,
Sydfeme Prenfice. Hell g8 .

H controllec, A
o ¢ AuGHATTED eRRoR Coucert = Honopol) , leee AL,

| Ok, T
- The properties of 3IFR Londions  coun be used , ,

e i ertec o it e sklslity prpct
ewor 2 Tor aomple a gerend  odaphive law would ke
b= oy W /7.2 wher W, is SPR and |
/= 427 (inourcase W= 1), cominol - closed laop MMT&»Wﬂﬁ?&*&

¥ con be orgued Hhat the extra degres of

o} the MRAC we need 4o defive Some properhies

BQ‘ e signal W whidh  Speturbs” e

(Nohe 4ot 4he adaptive law  provides infonmation
freedom  offeced by W_ Can be ud 4o improve 2%%  oheuk &G @V/



N

224

Tais  hos been -troditiorally - the  difficult

myﬂ.m i o,sofism the propertier of o Direck

TRAC scheme.  Severl opproaches  hove been
HQQN/%QW cq. Nagendw +Valovan + i (1450 )
eeisdmeier + Narendra et yP_@\nﬂANwN ete

We  wil proceed o somewhod differert way.

Consider  4ne opetor ,,o/mjff”
[l-A&n 1 + AG =1

N s shoble , minimom phae | wilth

and DC @oc_,s =1

tel. degree 2z n-m
Alsy= —a-
€. 4. sy = 5 Kz n-m
L mm‘rguﬂ ? Qo
Then y
-1
dw= [1-ADT o% &+ AL W) (o) ¢Tw.
—N—

Since  Als) has DC gain 1 we can write
A () = = AG) o Na(®
) S DAl

wheee  INA< DD, )- 1
. Furthermore , .?03 the operior | ,o/msrf
SeM = @ s+ 6@ |
Wy (8) (0wl as
&7 Wy [w] +

T e
Wiy ?; m&zm@ Cwl) &w

we con mlvﬂmmm

Wy ﬁm%ﬂ&a&q =

where  the  poles of Wy (s) , Wy, (s)  belong
To the set of poles of W (s).
eg. &t Wi - L Then
s+ K
LT = o 4ATrs+k M&Il
m..i»ﬂnv wl S+ K nv ﬁ\w.IAH m+I Av w
U T Awa.L.vZ
S+K St¥
L
* SR KT M\ZA.
= 54K T T 1.
ST K @ ") - mi\v ?v S H*
% (<ZA <<:N
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Thus,
Fw = A {dwr sal+ AW (e ] -

>zﬁz,:2,225?%55& t g

.h_xm* Enm&cmg
m Yp

A G o
Gis)= ﬁ & QL

Ut

6= (s1-F) g

. } Su ()
03 = Ao QSV 3 IAMJH Ti ,CIAMuAK_
H Then:
U= HE)[dw+r] +e
w= G(s) D.lsd u + g
whee  G(S) = ﬁonq_@.w (£ yp is included in W
ond G- G it a “stricHy proper” controlles
is ysed.
2
Forther, [ef  mg % €5 TUJL5 +4L

HN\\QM.N&AV cqiﬁ “NLN

2
0N
&

and  denotfe W4 Cy  the Constant s.f.

lwi*s Cyme + G+ &

& >0

e Iwl®= &o;' U +n~n+ \Ex@ﬂg.l.\.m«\n
1), V) Ul < mn.u.m \%@Q,..q Sh
dia o g 2 Il = Gy 45 () o5 (Gocn") my

4). Cwcry's Inequalihy: zlab] <

Wolr1[ = g (w,) 1715

2
E1ai + .m.f!n #e50

= ¢, = %Nw (Coay) + Ch m&\&zakuw (G56)

+ &

g orbitmarily small 5 Cg ¢ bound of .

Next, from 4he closed loop equation:
1= ;Aw¢ﬁ1+eqeu_ + g

= U ow) + Rt
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t
\ o - ) I, = \ Zid e 1won’d
U= H(s) w A ) (bw) + AL (s) Evm; + >Zm@meﬂmv v | @ Q¢ 25 ,m (0] w T

/ tese sz [ 2 %
f | YT o d
AW Wy (5) ﬁmiznﬁmied&g < \N w. ,ﬁ | Nne mg + G + godz M

4 .t R
+R Ot g | S mm@.\ 1 ealmp o) de
: . (=] .

R: +the (boonded) effect of = on U via H(s) £

+ .
+ mw\o. m~$.?§i=n dr + nw

g 6p. %S:.Sm ferms due to I.C. = nmé&. _ .
Yo
| ’ Ad N g
«: “stability 39@\3\\& Closed loop system. | £ mﬂw \\ T%:.am..r \\Nm + G 14, =Mm tc M
Letk 5 <e¢  and tate 2,6 nomms of truncated signabe _ (= 8t
: £ s 2 2 12 Ge
_ . m 2) W), | MM e 2;53__&»
MUy =y, (HA) 1Gw), 1,5 v | + 28 h ¢
Y2,
_ % :
b s (HA) 1B4), 1 m A < o+Ag %&=m5;wsw = Co 1), Vs
! | o
+ o (HA) 1 ()l o) oo |3GGm'U g sGop U ve,
r ) T)= SWH= + =
b s (1A W, x\x.v I (W (5)1] ) 6,025 | S Wy [ o'wsr] s W, [bT] + s

+ \:Ni\Nm + C _ | __&L_Nm

N

MN gos [5G0 1M lg + [as {30 J@uils
. 25l
| 16w, Ls | ? c

= 23



I &ﬂ?«:m% = M,\ 23T \%E?L dr \ , ﬂmJQ__rT .
| - z 2 gdt
, Mod) L. £ CuhCs IUl_ + ¢+ R M +C

+C

: ; e .
° A 2 3 § w N& TCQ Av = . N.?\ovm\n S\ZN\& is .Qﬂ.l.f T@Eﬁv
i ~8«=~m < W %Nmm N.um.bs .w I Qw__NM v 2 ¢'28

! . 2 ‘
4 272! Let mﬂ o [ W W) 0 € €y my +
| = - : : _ : fF T &
deto yp - 4 ﬁ@x&ﬁmsﬂ %5[G G MU, Iy + ?.QL ,M | | |
Hhrough put, , ) ‘2 2 -
: +C _ Le. Cp= MN&\E&QQS v te
./.p.‘. . T o Co 2 . 2 m
Using  Caucy s Sﬂcpcf again  we have ot Then W, wl ¢, I < w Cu a@&ﬂwrﬁm +mw
¥ 50 (o+ v ¢ (+e)a + m?lvv o o ‘
0 A -1 2 2 2 — - \ N O VO V
v \EﬁhNM € M M%MM ﬁm mas v + ﬁiv %NM “MESV W\Nm Hmeﬁ_ NNI.&., ) ) )
lu1? - Cormment  Despiie their “drodful’ oppeaonce.
U, 23 :
73 ~these bounds o acknolly quite nice.
+ Dmiﬁﬂ q« 28 \W + c : N
. _ - Trey indicate thal LU, (s Thbounded”
z :
2 z " : ”
£ M Co Tul, +  c2+1B,), by w +C m i derms o ((§F), L, AV Ls and  AMU,s
s | wheee Ay iz 0(a™) and Agts OC%L)
whee  Co 5, C ar some comtonk due o 1. . .
Re Is a signa related o ‘o being Fhe  orbitory comtant vied in +he
aund mmc _m arbifvaurs ly cloe +» A "8
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Choosing “o’ wcn?o.,mﬁ*f /Q.r@m we Con
obkavi o bound on AU s
o A, ;@Néwm which , v turn | Wil be

n o owenient form b opply the Belman

aowpll levima. sine ®
_m,dsga of course Hat Ming 1S UR.

AUtk Rmows row iy some  algebraic

Wno,ﬂocﬂo,iajw
Subshituting +he prvicus expressions
Cboond e MLLs  and  lekbing

ﬂo = XNM mI?v

= Yz mI><<zLV

L= Y28 T+>EI\_EI_V

we find

wasm s.m.nw _.g.md». SNM

emﬁ .Qh are Ly (or small in fhe nean)

v the

2
G 0 s Gl
B ﬂ‘na»ow =c;~w + fwa&f@w

06T,

+ T4l W B+ o]

+ 1B M5 + C

. of, uSing’ Mg = R4(& 3 AB>0 oand combining
¢ Are conytants  for siwplicity -

ooy € (Fey + ey __E_EP e
| 4 ﬂ ey N_f__mm
+ ﬂOﬁ\@ AH,N_ = C+=NM

+ mwom.. + G
“ Obsere  +hot Y, = Ohmwmﬁ?v,v = Om.w.¢
Henw | mposing the obsww%o«,s,r. (o CsCe <1
(lee. @ suif. o,nwwy w  obtain

pCE



1uy

/
] 0—1\#—7

i, < TCANP

4 |
r

+ Cpe St +C

&3

|

(GTE), U5

where L= 1-ThcCa >0
_..A_v. = foCu+ I2Cm
and C are mddifed ano..%.\wf.
dad thus,
' St 25t
=C* :NM + ﬁﬂ@ = ﬁm .\Sh T& g

2 CHAN L a@eghd,

s
+ Amw\ib e ++ C

Use , again, no;»oei 's nequality to tquare

both sides ., MNoke +hat  (A+8)<

and  Herefoe  if A mpresents o signal o} vdecest
m.&\. m%ﬂm __Nm

and B is a 8._3\*93_: £ can be taken

(ee) A+ O.va &%

245

B Nm..—l —

 where p@)- (i+4) 5 ?ﬁﬂn i+
Applying  the. BG lemma  we find  that

- orbitrorily small.

HSC,m

mg E : ,?&w ws,\ v:&ﬁ{_& x mﬁ@,&m |

25t

(e .rumﬁﬁ.n? e + %+ 2¢(Geigy) mm#@

T& % Nmﬁ\w ?5

<y (v 4=

+ (1) of 2 4

. e\ e
_:zw. ws@ ﬁwm

%),a=°

UB  povided 4ot

28 (t-T) > (14¢) \\ yi _:_:_ + m@«Eh\ dr
- g

0

Vele +nal ' @78 . @7, omd M js UR :

QJm m s\:.. E*. )
1) wm= 14278 @m:m &\N_m?r,vA&

&t 2
2. mebul s + u &»38 > WMo £c e
N.%o e o .\eS.ﬁ



. be  so

| @m.% is

..cl?fg ee. exist. (see Small gauin Hheorem)

.\ﬂo show mh_m,*m?h + Oniguenen Qo. wuborn we qu on

Hence | siuee 141, HWN. e Lo +he inequalify
s +3.S&I sabisfied | for auy J>0 . wpisUR. |
C gemworks 1) Nobice ot i +ne ideal come
% el, = \\ﬁ\u 3,. dr <o
 Jor any  comstants  T7, . Hus care
S we did not hae t  iwpoe amy wew Comtroind

ofter than B>o
4 will not

on ‘a' omd the Dichicoys filtee Al
I He cae d vnwodelled dynownics cdere

Ysmall i the meau? /.e.

w:iuf
M\n Pv dr = \ﬂ@Nk (t-v) +c

2) The - bounds are valid provided Hhat

¥  mdependend slt, Wb ¢ is bovded owd frecchre

vore 4 He doed lop sigrals can oo faster Hran
an m%osgr&\v m,.\m. they belong in FN&J

2) Finolly we need ome woz step fo

Moos&co_m\_i\,m, Eﬁfm,_w_ Yot is Yo show 4hat

;% omd ye oz OB, (Al we hae is m%C%& is C@.
R s, siwple calokbions chou o
N0y = O Moyl ] (Notce Hrok § is UR)
Comd e the reolt follows ( see reladed lemma
n previous haudauts) .

From the bovudedvem o Ue, Yp uve alio

 concude Hat  m aud ol the daed loop vignals
ot bomded = bF e rN. . ForMer from
”%mrssr\h = ¢Z->0, W_m..\—wl.\_s e L,
v.,m.‘_mr&uv e, >0 ant-ae.
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Forther emarks

In Ave presece of orbi frory
€= ¢ +g, g o slgd modificokion gf
In Hiy come

intHal conditions

The  predous  prood s equired.
s cory o show +hob ﬂvmooxmvwoa?m ‘o
LC cpplied on Hhe nominal ( es) loop) cua e

m». A& 3 Tl , = Om. A ik,

Nence  we @ take

- L g Tog

N = o pE P&
fPePA=-T 3

Wt P=P >0 st .%/\O \._wc.bm, NDWWQ.V
Then V= - 4T REE
- m\N\s + O\EW e - BEE

1

2 2 ‘
£ —-& _ plal + lcul&Ellel
3 W’ 3 ~.I\4 giﬁm\uxwum.\mw\/\g
z 2 2 X mﬂ»
£ =& 4 A a7
M 4pm W

058&5& e, whudi 13 on Qﬂw,,fmyj Ssv_zfly

b to be mcE. Fﬁmm g since .«wsl < C <

F=a

|

|

s
we com woke MU sebitrily small | son
4Bm

o less Yo =

. 2
Then Ve - &a (1-2) £o
m

Wy»@éy Yee prviout orgaments ore  shll walid.
Nokise Foueer,  Hhak e bourd on e paweter
o depends o e kol conditions E(e)
o B0 ln other wods @ 15 noh
onibormly bowded  w.nk. witil condibion
(i is nd 0w, Utiolely bouded ) and
et e et 2pf A (P AED S
arbitrarily lage .

ﬁ%@z&f w .E_,?%m vm:, the possible gm&@:@@

: W look like - ‘
-4 * Lre P _
4ot TNy ¢ =0 subspece
N\ Sy Y )

v

)
!
\
l

ZIN |
\ /&mgk E0)
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s not oniborm
s ol vo comcem
Cbud ih Moy destroy mg,o.,cf\ boundedviess | whew
diskurbouces / nwodeled dynanmics ,,
CThis s actucl\y  ¥he cose |

”va guarankee
robustness
U Such  wmadificotions

o} “projections”  and

This  dsenation  iuwdicates Mol our iﬁgcf reott

wrt IO which , al Rs poind,

Siwce

mﬁymv els

are @u_,mmmjhn.
% mgm‘drﬁ
e vechor Reld for ¢ shauld  be wodi Fed

and

ond | Sowme

Ulbwate bound edues
ppHes i won \deal cones.

fall vvder the geneml chamdlerization

two of Hem are -

0. Soft Projection or lenk or o- madication

(T owans + Kokotovic)

6--yal Z 0 3
“

0 >0

$ =

n i ose P = -y 2%~ 5O
.\»\4
(V- Lo%)

luitaole 0(e) b o residual seb

 wher e cowlwd IS ndependent of iuitial conditions

o wlich

,aa@m

-c0p = -\o\®+@+ clblZ) = - 2ypi® + = et
| 2 2.

-y
Cro Vs waiformly  ulwodely bouuded.

N In o_%@s. words

W ocan be ewily shoun thot  when 1l ic

T

c8b = O(ud’)

o Using e previows Yechicues e olio bhave Haok

8% < comb s V4 - 1%+ otk
S\p 2.

,‘ ﬂcﬂgggoa, ; Kiv: mo?aﬂm& m&wg@%ﬁﬁf %QS*

gl < const

ﬂﬂ __smm_vms%\l &

Bl cg +5, 3
Zc

N gi\pﬁmﬁ .Ff&m are 4 & i the wuwal way

the  cowstan

Cp can be ved u our m+s?.o.+4

. condition, lustead 4l 4l
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This  wodifiabion  has the drawback of wirodudey

,Q bias v the paromerer ebmates amd Hhe

Tracking | eskimokion  ervor. (see Hw#%)
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| 7) Switching - .

At dhe expenie  of (Equiring  Some odditional

B prom wfprmation on 6% (wsually available

f te ratue o the poblem, plysical convicinke G_nv
s sihuakion  con e Tmedied by c%\,m

 cmookie projections  or “smooth mc&.?fﬂ?w.._m\m@;@\mm?v

. modificotions

8 s before | where now,

0 e tel < Ho
5 gso if HON> Molie) - -
o, 10He  ofherus s -
Eto ..
cad 10 e kowutbo sahisdy ot e Mo
q;mkv /
Mo oy
W s cse , odp 20 ¥ aud it is
.Q?EQ for ¢l > 2Mo(1+5)

e advamtage | 1w Rds case, i3 Huat  +he

- equilibcom ¢} the unperturbed system s e=0
W%“O and e adapRre comtroler guarmuntess
09%8 4 e dozero v the absense. onmodeled
dyramice [ dickubomess.

. Nokce ¥hat | prodice | e iubormakion om

or hyperculoea

W®* s given W Feams of ellipoids | not necessadly

G Mn®s*m3m, ot 0. Tm.@kw:@«%i__A IOW - where

w A , - . U - : .
W®* e an  inthal Quess \nosbfusr Bon

A , /J v
O / A *
- _ @
e
/

AN

\,
AN

In sudh o cwe we should wplace O jn dhe

\\\

H%/o%rsw \wo dnd  the  a(iet) edpressions by
B-8% . The prous andgsis holds with
| G = Mo (1re).
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ASH

ﬂ_,so;f ,  swaoth projechons  alo adderve _,
_ the some resolt | e -:.meﬂmv\, Il
H wside  an  élipsoid  of fixed wdins  withoul

altecing  the pphies 4 § or &V N._nm\Tsnro\b”

Cose2. Kp onbown  ( positive)

When Ko is uknown, so is &S and
the  MRAC  closed ,o% Becormes |
SR v T

.
L _Mowiwel Cllose. !

€. the perturtokion  entering He loop due

Yo fhe wnkvyown pammeters s now

.+ oTw
As v the pRVioNS  case ,  thete ~oe wSc Josic
shers ta the analysis \@mwwws of o MBAC :

A5

1) Esfablich 4he whida sill

ervor mh?@f@ n

the partmeter  opdate lawo,

0doghoion properties.,

determing

Omw_zm the |

1 3). Descnbe 4he closed loop sigrole  w derms

ol e gquankities inclved tu the adaptive \a,
Use ine properties of .oo,oi@foj to establisl
m_&v,ﬁf \95<Qm®>n®-

. Fom He prvious cosed  loop descripbion
m,so/ the  defnition % no*@ ZA*‘ NF we hawe
Je =

LJ*\AWJML + W6 r
@

3= []5 5[]

ﬂ\rgnh\v NAH u1(,m_3 =

mmxw decoy ivg Yema  due fo IC. o owitked ~for
stwplicihy ) .
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Note s thee s o fundamental A Herence Lo

between  Hhis description ¢ the trudeing error
HQSO, the one obtained whenw o was

| Nowely ,

kbrpwn .

the  pecfubolion  &TW i3 now
- filkee by the (parbally) wmknaon Havbec
%Cjﬁfgb EITJ mhow.w )

We wll theefor e % madify cor comttuchon.

imatead o Wy (s).

wo% He  augmented emor. o
Thee are several ways of doing Hais,
. &. JS{OQCP& o\ Q.CXZ\,,PDA WD«.QEQTI»_ wOCJ _
| Vo, To estimate 5. Note ot A camnot
3 o ,
be wed %qmof w on ahimate of Lo . Withoot
c
Secial povisions | bhe, adaphive low does ot quaramntee |
Yot ¢ uwill be dounded Quiny from O and
tomlm?m m_\o qu become. 93,.51_4 /oé\m or: Even A,
ondebred mow Gl =0 imq«jﬁ*\\v.

a5

[ the dicadvantage | bowever,

The  iuttodudion o Fhe additional  patm eter
b, 1o estmale m.n_nwu sdves Hue problem  (see
Narendr. Lin « Velowani , leee AC §m0¢ . ¥ has

ol pamerer

_conergene. i3 not posible a@en if  FE hon

more Man  2n | frequences,

T e

.. 2
. 2) Comstucking  an ™ inpud e’ equation

3. Use an a priod known lower bound of

W b combouvt the eshimoke o -
(This ﬁvma@, will be  presented J@ﬂﬁ,

Cowsider  the kyown m,,mjorb Coey &

e = no*ml mvﬁ = W& dw + momA

Construct +he Qugmented  ervor

g = Geqt Coym + o' - Ez@?%.TQEQ
— W N

Vs Ue
A.omﬂ S\J?VA;\,V



Then,
Ci= ooy 4+ L Ymt LG - Wy (& ¢]
= 3 T ~ - T
G Ym + & G + & E:eno*? w) .
= m\oé%?..f Wﬂﬂv.« pmnquuwi;%qﬂ
o | o~ [ue
= = U * - T o= - .Il
= S Ye +4'g = ¢ g 5 &= T\zas\:w
‘ mc%,m £ waow)
Wmoéizof €1= CoYp * e - ‘S\T‘.‘Em:wu
Tt follows ok |

g
Eshimate 0% d M&é.@.n ﬁ WH_ s
g

B- m.mu - m»ll. (2e: ﬂa.mcrosv
b {
44 PR ﬁOVOO«S._S.

A siwpler form o} dhe adapldion above  can be

Writen oo followus
~58

mwnmo = \%%m&L - §T
M
6-¢ = —ylegl - o0
m
M‘CTmﬂmu Tr.:  smoolh Ta._mn\fgg an Co ﬁS.‘.r\/vm

el [ s oo (see v 208
: T may . be o0
ot swikdhrg o wodification o
Comstradnt  Yhe upper bound f o

T - _ swikching  o- modi ficakion for &

Needless o sy, thok  Projeckions au be used

to  obtun  honded pagumerer estimaes  for boHe
G and ©, amd the odophive ‘aw can be

| wehcularly swpe B wplement T if 8% belongs o

L yperwbe of tven ellipoids.  On 4e other hand , Hle

oHers  some  advontages o the event

Rave been under eshmated..

| o - modii ficakion
the B comahaunls

259



stroughtbrvcd o apply  our

s now
.££v§o< techmquer  and shaw  Hiot 1dt L UR
mw\g 3 d%: & FN ancd |<<M53u ¢ ore UR

| Step Nv.

Closed \oop equakion :

‘ C

?
V]

Sul r—up 725,

r— Ye. |l loop-

_ MSS.. .f..m.
H(s) Tz:L e b,

S+t T
= $
= ¢ (Grsd)= @ ¥
X <
_ T

260

HE [ 42370 J= HoglewlRr

- Thu,
| l4>u L)

L= Ew;.m $w

where,  dve fo the pajection | n_o: is well defined
G

. healt ad us.

We may now Epeat 4he pevicus  steps to
mmoogmomm : _m & W Fm @ a ueighted wm < Hhree gw

!

t). a . tem &mgiw on c%ﬁ_rms.H
7) o derm depending on | & W Wl =l PE,

2) a  tem dependiing on huil,s

e 42 is O(a™™)

where the 8@.&5 0% .
- - #3 s DN&J

a ot

ond  a,d are “fres’ parameters  used  only in He

and st y,5 (H) is well defined
With similar wguments as before

Qspfm_,m

d a>d .

we Ei wndude  Haat Uo i UB  and e, 0

261
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>:o§§w

An lwportamt  doservoFon  is that  dhe A
bound L 1 no ,

bound  of e § now oppeot”  in the

. exprESSiont cmf Yhe vacious weehts,  This it ,

ol course, of no comequence An e ideal

ol ™ Wl be crugiol however, 1 +he

Moﬁo,/ﬁw./n Oh ony oﬁvﬁ?g_ood Qm, 9 MRAC. Scheme

where dishorbances \ onmedeled dypamics. ove w,\mmms\w

L) o apprrotih 0 §//Ah\<®:n®(_ - e
Uit ony  ohushness 3%@149& e %TF&
“ 85(@;@?

We wll wnchde Mo prsenbdion of the  shibility
avolysis of o HRAC in the ideal cae by nobiy
gk puometa convergence QU&OV o be adueved
provded Bt @) s nchhwo.@srf cich .

The wmsolk is non-drivial  and for details | see -

Narendra + >5:9€9§< o or Sasty + Bogson.

(and celetences ~ Hreein )

- ROBUSTNESS OF MRAC

Case 1 - DYWANIC UNcerTAW /ulHopetes DYAMICS

A ccal  assumpbion {n fhe Previous deelopment
Cwon thot  the v/gr wan  descrited  an

Ye =

S e e [ . iu. phase o S

D whee B(s) wos  a kﬂ&wﬁﬂ@ funchion of

f\/ow% order ond relokive %@mm. 19&\@1\

BG) ue

o 309‘ oMen Han nob, sudh assomphions e only
 opproximately” valid in applia¥ens  whee the
hue plants o non-lincas ard/or infinife dimensional,
H\,;,?.,no,f:c/ o the best ueicon hope for i prochial
Hw_iaoioﬂmv s to hae Some nformation on

o nominal | approximake  pont  fanster fundion whick
s celaked Yo e e plant  descriphion by

means ow a fsQE__O c>8185f 8@@15..

265



” whece

20U

tor  eomple  consicer e plant;

Ye =
PiY= Bs) (1+ AR )

i) v

AlY: mulbplicative  uneertointy .

( Note:  Odher oncerkainky models — additive

stoble {octor pecturbotions — o be similarly analyred
and il be omitted from the presend discustion).

P(s) is approximated

bq B, () con then be given in derms of the
1t wrad_&, r@ men-honed

A wemwure onm “how  well

Vsive! o} the opemior  AG).
had wakes sense  only when the

Cluput  and ovtpul spaces

- This Berg the ase, +he “ize of Als) is the

of O6) from s mput space Ao it

+hes  statement
of +he operators are defined.

wduced  goin

ocrvi Space .

QD

Cland kb B9

The robushness

poblem con now e formolokea

fo\ows.

Consider *sm; plonk

Pl ue

ve described o

Yo =

PV = B (ssp) [ 1+ A (sl

Womwwﬂq derotes  the  “vominal” plant wlvd

ie 883@«3&8/ by o set ol porometers p.

Hjo* ?&c&m@ W

D (s5p) derdhes o dynawic  uncerlainky opercor

H whidh kgripes,  he effecks  of onmodeled dynamics

E,  and which, in m@m&f@m\w@g&w

(=]

o p..

265

tan allgw

Al operators o€ assumed fo e Quasol and  exponentially

shable . nmg,ﬁ+rmw3oﬁu with some extm work | we

wmild  (sechor bounded)

A o wclude

novliveanties.



A6b

- subfces

H ond

ﬂcﬁt«ﬁﬂg suppase  that ther e<isks o

nominal  parometer veckr  PF¥ for whiche

D@%t s Tsmall” in some sense . Althaugh
,W¢Pm smallness requiements  on Ass p4) will be

Mwmfjma precisely  albter we tolve the prblem , it

Loc e moment , O +§5f of P& an

Ht:m veckor  for which Nmuﬁmwmmm ﬂtu is small

MSD /

@Nm R.; Dﬁmvﬂ*vq

\miloc 4o
Aw*g&ora medel-order

This  is

Pemeg &

reduckion / appeoximokion  problem  where erms Pk)
ond B (50) . ea. n-thorder ) with 8&?
we  seek a 30@0_, Pk =.t. xmbmm CM.S

winimom. The prodlem does not necessarily odmk

& unique solubon  nor it is casq. A variont o}

this  problem wao sched ﬁm_osﬁ.\ Wt Joural

o} Conbrol M "M\ opRwal  Hankel -nomm approximation

o% tnear  wolbivaridble systems and heir Lo @wr bunds”

26

ln the adophive control formolotion  howeyer

we ore nok fequied to find Pk 5 we just need

fo ow thak i eists and is et B(sspx)

hos  certain properties moos;?ozo‘owsf s ofﬁ)\a_o,,cf_

 oder ¢ (elotive degre kyown , min- phase ; whichever

Dmnmnno,qcD .
% adaghive  control.

Lor even impossible  to dekermine |

ﬁ with  time

This s exodly one of the advantages
Pk may be oo expensive”
of it may P,Tpsmm

( e .ﬁ?mz,\oE/Sm problem ﬂmgcc,_«mm;

Mmogm additional dods and wll be omitted from dne

ﬂmmmzx &wocww.,o_)¢

Mogm mo may be foo lage,

no:),qosﬁ:.

I addition, even if WSummeg He ordel

Fequiring o very expensive’

b such & case, -it may be aduantageous

b consder a low - order Qﬂﬂax__BQfO: Witk one

_em e m«ms%wf mentioned c:nmw?:r\_ models



o

b

A ralutal  assomphion ol tis poind iy Hhat

usoally) ,
- pk  belomgs to Dm @ocyamo, set QU for which
ve have some @ priort informadion,

| Am@ Physical  constraints  of tre ﬂad,QS¢,
Lt s denote by Dp e diameker ¢ Hhesek P
H Le. G% =

- Sudn sefs can be  ellipsoids o rxvmﬁncvmw

Sup Nl:v\—\ﬂm.a 3 V)Jﬂ.w m.rﬁ\uw,

sucfaces  of even a Gllechion

>
At

S e simplest coses ) or

oM w_,w,,o,iky seks.

@ 1=

&

L

Note ol w@% s o meoe o fhe size of

the pacowetric uncertaity in the descripion of Pis)

264

Lwhee  poapy o Known

s ot

Aso, soppose Hnad  the  vnon-porametTic

conceckainky A (sy px) sohishes
| N XNmﬁﬁ@v (s3 04 |
mw%N@ﬁm 5 ©%)]

In

i

n

Kz

Constants  and
Wy W, o' ngwn E3, minphase, Em\,,mr}sw

%8*04%,.,.

9B hod s,y define —in & weighted Bue—

w‘ .

' the size of nonpammettic (dynamic) urcectainty,

For 4hne plant PGy, Hhe conbol objeckve @IWO\V

OQS be mr\\?:& oy = " &mwhmﬁ Up = %Ewl&

Ye tracks aoymptohally the odpot

Qw Q. ammﬁmsnm\ «,DOo/mw@zuEIAw/ wita .,%Cm . oan
doe o ﬁomw,i@*. and all dosed loop signals remoin UR -

o s sehp  we @n naw Stote A variely  of

MRC /MRAC veloked problems .
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Supese Dp = gy =0

Yo ~Ym = O

” stable .

MGS corlie poctk Q& these nobes

H onder e Conditions +Hhal

4 o S N
LW o tlenl

Design wp s.t

ord e dosed logp i3 infernally

The solufion of Hus m.dZQy wans méms in
(controller design)

B (s3p+) sokichies |

W HRC assumptions  and Wiy(s) i mﬁn@mjo@mf

okso

. D
selecked . (4hese. condifions oz Qssimed +o told in e AO:Q%NWU L

!

2z, MRC - Robusiness

\U%\\.O 5 M M2

Ue 4o sofisfy the MRQC objechive .

- Suppose >0 . Design

H mmf\sfamwww Problem )
.o, Suppeose dw =O agnd Consider an MRC. oﬂmm,_mjmoff, |

”\\:u\QN = 0.

Defermine U, and/or e st dosed loop io:w_,r.j s

Precerved
[ Pjo,fw._w ﬂ@i@ﬁ&

s

2714

. The fjl?mm.,m. problem

3. MRAC -

Solutions  {or  the Qj&ﬁm..w problemt can te

~ Fven W Terms of dhe  Small soin theorem.

s, of wurse, more

cemplicoked . For solubons | see Tonas ‘A wuree

on M. contol theory? Seringer- Veclag -

Note 4ol % Dp i3 allwed 4o te non=ero

Ye morcpﬂoiow the ...T@E@B osing a  Unear
. contoller  becomes veey  hord ard lor cormenodive

 (corverobmm o% SET).

EKHQL case.
Mcwmonm My, Hp = O . Design U td
wprwmc_ fne HAC objeckve. | -

This VBENB wan sohed  previoudy  LSING

~a spedial fom o) a nonlinar confrollerz

Linear conhol  + Esthimation .

control ~ teemed  WRAC—

lawo

This



was  obe o gﬁwf e contol obiedive

Conder +he MRAC assumphion ) for an arbitmiy - finie

% Pk -
 hostness  maging woet posonettic Vncertainty .

~Natue That s MRAC 590,/_5?5._?\\

4. HRAC : Robushness
H,. Let OQU >0 My, Mg VO.., ,@mm"@) wp ‘, |

4o sahishy He fIRAC objechve. o

: sy
Bt 3

( Synthesis Problem )
2. Let Mo Mo >0 Design f Jmpfmf .I»m

ZWPO objechive and moximize Dp (or vice-versa )
3. Consider o MRAC designed a» In pact 3 .

Gien |

\Uwuv find  py, e for which  +he

| Aoted loop signals memain U.B. (or 50@.330&
| A\y:cfmﬂw Poblem : the clasical MRAC Gv:mramn&
This

272 detail

poblem  will be diswssed i sume

PG

5@%«..

S

‘ ,moq

A HraC Robustnecy Problem.

B (s; ©+u and  Wu(e) wprnf

Assome Hat

e stardord  MRAC assompbions  and  Lek
_,,,wa..mwu be  He Dnear e wariont  controfler
k. C(s33%) weels dne MRC objeckvwe
P, (sypx).
further osume  thod  bne plant m&d@yolf,,o

Cjomﬂ,*p»jj expressed. in terma qw a controller

Dk e ©

whee ©® s a cdowd , bovnded convex set.
Wolog , and W onder ‘o sirplify our  discussion
b us romalee @

©={ 8| 181 < m,§

s k.

This s always possible by possing the  necessany

teamlations / sealings  info the  awr lany filter



%j

sine of porametric vncectalnty  cebleched om He

tontroller  parometers.

_.mu? o MRAC  designed olong t>m ijm af

tromker fonchions  of +he MRC design. We

will Yeep Mo howewef, On o mwwore

e sine of ® o, \noter words , the

‘ﬂ.mo.—ow(’)o\\ -
We seet Yo estoblish corditions on \/mwuV+u

e sol'n o proBlem 3 @BadS_ﬂmmw Tre  boundedner 1 e

o@ a\l  cloed laop signals.

ln this opprooch  we wsll allow for possible

“modificabions o} e adaphve laws ond a Soludion

,.Qa,OF.. | s d—o,o& wetk I.C

2. does not require PE
3. employs  direck DQPQPTOj < fre
controller parameters . '

\

N %)

Crosen Loop  Block Diagom —

L

R F%

—| A

o

Eiln

SIS 71 g
m B AmYp

ﬂm*. &n ,<< \V‘c{ 5 W, a m«.m&r»@)ﬂrﬁ ?m\.,mffjw.

Wiy, fackoe 5 poles + zeros i Vhp.

Ser . W, > U T opemior.

S0 DOs%/ngg w@waISI m&)% r:vJ

Sy: Y, yp T opemlor =

..Afgv

e~

U
Y
GmYe

ETn\a A3 H

*
I,HZI N
oy D

mw W ot adt) + Sy,

An_ﬂ @4&+1¢ + Sy Yy

&H MC MAE»\; “w % @S}ﬂﬂ.
E:.WH_ wSyW; 4

+he ?%\..NTTS.W vred n Hie DOﬁgDFfS%
signal  m .



or U

It

W | 2.  Pommeter Update -
H Amv M & E + R : v o

d=-y k& &g ( Projeckion )
m

- where ;  for N(s) to be proper, W, should have o . - _

: 3= -y Br &5 _ yo © (Hixed pojetion ong

- wlakive degree  od most  n-m. " switehing o~ modif. ).

ADAPTATION ;

Wzrms pojection is used for al the poromelers o G
. Avgmented error. | o R S

m
. 0E W) ; - N = LI o =
et - 5 (OF g g
= mm\o_ ¢ v A me + Wy F L ,mc,w\w , . g >0 arilrarily small
= ‘ fi 4 €, mxwo: &moﬁi,sw ferms 5 ratke of ath.J at leant an
= ¢ g + S\IEDT\:L. m‘+m+‘u . S . . foot can the stobilily margin of H.
/\)5\/.\. _ _ m:vv o e e ‘ ‘ _
P= mnv v , G= z . Due to . pojection ,. V is QUB =
« . o+4:N L o . a1
F = MN (1-¢) .ﬁ ﬂmr = .N\_m [ $9G) — ¢ (t+Tl] +;M ;xg =y
| | 4 — A %
Note : €, - manujmsrﬁ_f nmngi_,jm terms : . = £Ge
. R+ T
win. rate sm mmmpi : w*ﬁgﬁf margin o Hes) . +:F \.‘ﬁlﬁ
\-e & £ K, m\lomw 3 | Similoriy for @HWMN

Ko ' Conatant depending on T1.C.

N. When  the Suikdhirg ¢ madificokion is vsed, © 8% z0.
« :  His) 9595*.,0 w Rels) »- L

: Assuming that 4,5 ( w, ﬂ;bu <=, I Vo0 s V>V
16 mcf chosen gmamqoymf% , °

<217 = V<o D Vis WB and Similac bounds are tosned



° 2 2
Fokees, [$1°= @R el ( Projeckion )
gN
< *CZ e 2 & e
b T8 W
ﬂgQ:J s e Azs., ( Wy =) Dq < w0 we hove
( nw. ﬂ uuRe

N BGe ® = Igls

C o+ ..wNWM m.wmo \Ezmb_v .\.\m:nv.

ReH . + € ¢ abitrarily small Qm& .mn 30:3_.8\. gq?m 9\_& “

ey
e

will not appear in the firal solt.

o Swilor expessions aun be obtained for +he

switching 6~ medification.

o C ¢ (omtnts depending on Mo, y, €.
Zm.X*V C/u/t\n OG” da Qw@d wﬁnwvo 050’
S >0 s k. His) is 95&{30 v Re(s)>-3.

414

(8 Decomposition & W dems of  $T amd

U= Her [325] + R s

luby & s (Ha3) | S50 +RILs. +a

<, 006s) - U E R+ (WA Vil
IR 4L | |
AP mrm«:f 921@% Q@ﬂg is 5mn®w.w92 to

avoid_ 4ne . requurement :OM‘\., O mfu.ﬂt; ma,wmwﬁ P?/J

oo [ & ] N
let ¥ = a. < w . Then, m,ow%4<<umowwﬁa.
- - P — A
o d w= Lo bw
Co
whee by the wmﬁmw o the pojehion algoritam
:hpf_am Sy 5HE |, € femax < 0.
Co Comin csF Co
Now, decompose ¢ W using the prarows

tedhiques | an follows



- AW W &@V Hhes

lewl, = (rca woL I (1Fume ), U
w0 ETWE ), s
+ G Co LU,
ree e v
= Yas (A)

gos (AWS

}

(o]

=)

Y. ,TMT

Iz = Y25 m>21|,<<1, i ..nmnwlg&

Co, Cn Similar  epressions ap  wm the prviows

dewelepment 5 war complicaled due Ho

—

e appearouce o PW ao a part of W

Tedhnicdl @mork @0 need ¢ o be bounded  of,

st

ableast, Walh: « ce’l =

c should net
cronge &5%:; Too often

to mate ©  smooth.

Use a  pred e

23!

Next |

1@ Wl = 1EE L,

IO £ (he) g (4G5 .w 07 yas(WA ) 1L

P (q)

nofice  thak
Wyl W = m We (& 7R 40 vn mfl ZJmEuv
& g
TWOW = 3T - & WRA up. .

TATRIR (TN

INN
+ p4) ?&9 1U, s

$28 ?\ V :Nm.,
+ pla) NN S

+ pa) (DGt Gad) Wit i ), s

+ ﬁNEV ﬁ kmw.u

+ (0 adec)

ﬁo.sof conatants



Tl The clored loop signads wll be VB, provided

Simplifying +he notabion: Fin
v = Yes (HOS') Yak:
. 2
= s (wW,n ) ‘ .Mcmv.w L ;i Ta -
w N
\_,\ou.. *\.oﬁ%ﬁcv 5 ﬂu.n ﬂ 161, %NMNS\JQ Dv ﬁ- R
G- LG+ hox | ) .ﬁmw (B +Ff) +
: 2 2 2 2 S U OV U - N -~
?vm;:«_rm < Q2 Ul | L g (MR + y G ?m..?:mh& w
RS S s R S ..
+ pl) 7 10l - T S V e
2 i : o . where  Hhe  sopemum is taken  wct.
+opslq) T PG, « A |
he ey 2 - 8e (o, %) 5 x . the shabiliy margn o HG) (<5.)
+ e 7 (1600w, I, i
.9y o .
26t I
t ®+ \uunv \ﬁn@ +ﬁw C LAY, W(sY L the ouiliony weighbig Glters.
Finally , usig  B-G lemam  and selechiy e Nefes: o The conkmts & am  abscbed by the

mfn\_q _Smn,_CQP._I sigo

” mS\@?\ Conotants  To waximize +ae M,T?.D«J rEgion
we optdin ( e ¥ -0 : moviwizes ‘robustnen’ of HRAC
6 M.Fs\ 9 QNVQ Robustness o +he nominal
292 2% "
| LTI contoller ( s&T)
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“ més&s_@m,m boandedness. cu
- i,

o Nmn.0<mﬁ4 o%

x>0, M,—0 , & —oO.
e 0= O(L) o(M)
= o(a") 0 (=)
G= ofla™ o). o?a?&j
G: O(ps(wa))
£ = complicaled OCL) 5, OCHo), o?ﬁxﬂoﬁw

exXpression.

COTHER QUALITATIVE ReMARES

o Gven oy Mo<o o Gomin 2010 there exist My >0

s.t. Yos (w,A) < py

%mm \ W, Dv < Mz
cloed loop signals
1 Hiy o ¥ “Robwotness  w.rit. vnmodeled

dynamics  decreazes ao  the

LTI <Robustness = i

parsmetnc. uncerfainty  indreases

AN,
SN
ogn
L

235

> O

Ha s 2 = O

* Comin

it may be advantageous to  use an additional

pavmeker fo  eshimate -
&t

. nm bk, e Y Por  obustnem if the plant

hao high relatie degree.

/74

. = vmﬁmoﬂn,DSom Chorocleri aXion

e .

N ,
S m+ wx. m&o«azm\b.ﬁ
due to wopping tarms |

O (1+y)
/®0& /

performance on  te averoge . Bk ™ay

oOmro%; RBursts o( Mo )

- MON.\LNV QNIQ.V

I Comin 1S Too small

( Naenda Lin Valwani)



Ko

Busts  can be avoided [ G- dplterT)<e

¥T 5 & Hurge enough.
€. PP > comt. mwmm P Nq\&
A popolar wo of adueving s s Hhough the

Use o} dead -zores  (discussed ,o%w.;v

SoMe  DesiGN  GUIDEUNES

® The preicus M/.o,o__Cf Hheorem  offers some

@n\jmﬁo/ design guidelines  aldhough m93>m nDtTos
should be exercised  in

invegpreting e resolis.

The Hrcomm

sives a  comenchive Condition
for global  boundedness. It will not :mnmwé.,f
poduce  the Thest” MRAC il u, My are

moxdmited 0.0t the wrocus design parometers

(Wi (), D) | G, Sopete ). 1 doos indicate

howerer  Hat Wi (s)

shovld be wvsed moe ar

a foning  paameter of the doed loop sensitivities

ownd \ess

a0 a frocking specificokion.

291

Affecall | fadkng con be medified by
using o prefiltec,
Cther  Yools  should be used as well.

.m.@. locol DJwa,,M M.‘}Do_néoﬁ e al.

5%.«.0,,? C_I ‘0% }Lﬁvjcm mrfw*mgw.\w MAT press ,Dmmu

| The desgn @) adophive (Nonlinear) contollers

is Dmv.w .. .v*,a.cmf*mmaoa and  extensive and

carefol .W«.dfm.,w s eguired.  Génel  theomms

. on gve o rough idéa of what a gocd daign

| should leot Uke. - The adaphve controller shovld

then be ‘olord o bre needs oy +he spenic
ﬂav/gj. ( Focker Comments on design gwideliney wsil be

Given lalet).
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DEAD zZoNE MHODIFicATON

This s a  populor  and quiks infuibive

modi Reakion ,  mokivaked by the idea 4o
stop  odaptohion  when the signal - fo- noise-rotio

becomes small.

C(Ref+ Peterson + Nomndm 7 Bovrded Coro or  Adophive

Gonfrol ¥ Teee ac Dec. 1@z )

Briefly deribed | on adaphive lows withh dead zone

s

b= lxor\ mujm

«9,\ odoplive law with  dead-rone and @__&mOIO&..
e,v
Z )

{for the cme 9 unmodeled dynamics

.@ln IN @m \ﬂﬁ

where |
G- ¥& + . 5

and  dy s

\»\\“ EIT..ID C'ﬁ

taken an

]

‘. Note :

o if mw\s < Mg
, ...ﬂ'ma:ll. < \3A o CHE
1 P L €y = 1@NT+mu

This *upe o} o ceod zone  switches

&Qﬁy‘o,foj omw\w when T~\3 s less Hhon some

\?,RWKOE,; %o,« +§m reocon 14 it oswally relemed +o

on o relokve wmm\&, Tone.

U an ke tnily shaon ot if Mg (A0

S d, led (al- WRAW) o o

Qm. €, %ﬂN >
" M

” m modulo m%o;m;j.o;f wmnoi.,jm .«Bsr/.wmj*mu.

Additional calculakions  yield

131 el, , d ©8%G el
S\N
cand 13l —o el hm@ < M+ gps(wiFid)+

h(+)
where hP e Ly and W) >0 amt—s .



hqococnﬁm oddihorp! remacks:
M.». Global  bourdedners s g%ﬁg for
sotficently  small My . In obher words

[n +his ne , Similar condifions for

@Qoo; boundedness  wn be obtuned with He

the dead-zone shovld not be ‘oo comervadive
mZofom Haak

togeber with ;= g5 (WnF A) u

My wll enter dhe voriows expressions |

g&sﬁ
Asymptoiic “Performance

the mean SqUOT sense QL€

Tm._,m\m O(H7). e well
3+N¢o

iy aways oM )

However |

Thad is | dead-20nes
bound  of e normalred Hracking ervor

ond any busts  will e Umited TJ OQ«K&

con guontee  a Uniform

N%(S

with dead-remg

wWitout  dead 2one

The price paid is ok asymptotic Yracking s

lost in ne ideal e,  le  even L T?rwuo

A
Gl = OCM ).

3 O _wll comerge to a comstant provided tHhad

Im. > %an\ .81 m A) ,\bmiih?iop\\n\ L7I

nos+8:®_\v

s Typially,  the ,vmw_n;wm:_o.,\dj 4 relabie dead Fones
i3 wih #S* vnmodeled  dynamics €5 \S,Hi\\kg
”Q m >I.TOCN,§ ~m4:v+ = Oﬁ,laq Hhe //O%&\\

may (and will) indude +he bounad o m

whidh is not neessarily small. ‘n general

2\ m  depends on © and +he eontrol input ot



e Hured U contsoller Tmu@;&. Following a similac ogfaw W in the cone

| o} dyromic meertainky, ¢ UOB
~ POBUSTNESS OF MRAC. |

+otT ) +OL.I~I

u_ , )
C Cese 2. Rounded didtucbonces | me\s £ C o+ Rka \l,mh_sw.ml_l cle.
O B m/nlmr_l e S Hsmam.%?ﬁc_f n My caze ”w_, .+SQ+
{NS | o Ma \lmw%n&w is  not  necessarily small in the
m Up T « Su % Fu) ¢ R+ ﬁw%u A . men Tupel arlybel orgments ok hove
e s s S : been . used i taw e @n ve &oﬁTmm, n hee
Avgmented  error Glegories.
e, = '€ + Syd w
_ O An inferral  model  of Hne disturbonces 7,9\8/9,_06
where Sy, s the vsual  Sensibinty  to ovtpud |  ord oo been weorporated i e confrollec
dishorbonces = (1+ceY - o - Sqyd el and J Gu.ﬁlal_N < G
Rett Good sensitvity properties & the nominod W Too restrickive )
Contdller - eg. wsing Indermal models — u_,ELQLJ using on nfemal model  and @
n make Sgyd  very small. | large  constant g, Fhe rormaliring signal

2

¥ 243 me (Es U, +9. ) we hae that



Wmm._ d s OB =2 no signal gows faster fhan

2y

wv The ,,mmﬁma/\\ proof by confradichion.

*o.rﬁ

_ 2 2
[ oleasll o) lswdl
+o mg Jmﬂ
I

m;}n.h.MﬁJO,:v wo;u < TwN.
nQS. NGW ﬁdnw(rnm\ M%dg

small encugh. The i 8@55%\

The  pravious oralysis
‘boundedness  for L
o} this opproodh oe
mNmu S Ac,::mnmwmolfv

1. Some shobi Cf

margin
troded-off  for  dichuroances

2. 1dl, shold be “small’. =t @%mh ¢ 2
3. Adoplokion may become two  slow mnwc,m o

+re /oﬁ@m valuey 4 e

[ Egocdt  Shabilitg of Mode Beerence Adophies Sl Toning Regiader

Spriwget Veday A ,  WKeeisselméler+ Narendra |, leee AC. Dee. RE2][ |

an @nmosgi&. Assome m —> . Uhen

{oc Gy M >0 adbitanily ,,o%wmU m > ™M

we mf&c: ._.,.9 oojra%o,aj, Haalk s

L become

o a tme inferval of lengtin In M

to+lntt
Hnis  ntervad %

o

AnH

nside

Mlmau m _N m ﬁw@u
1, m Z

Using  the Bellman  Gronwoll lemman — o some

rr_oﬁCDO/\ %Cjoroﬁ m?)orgo_ﬂ )mcﬁ the cloed loop stokes—

wm shoold

cmoller Fan M dn T e bt ln M1

,//

. d.&oag,jfmm\\ ok +5m approada : Albhough ;_; _ﬂmorsicd

249

' be argued ol

Sinle- -

Can cmﬁcmma Amﬂ ‘.;954 sive & mgjamop - diskurbances
i ndicdes that m 39; hove Yo become very

H /oﬁwm inside some. . infenval. Intuikively , it can

the signads  should  become soff. lage

” (e, _o_&mJ n order for fre sigol fo noiee rokio

(e/s) 4o become ,Q&m and e adaptabion to

| uee aocd eshimales. of ‘the confroller paraneters.
i } pe



AN

m& Use  some nlermol model design togebher

wirth o small  absolute  deod zone.

e dy, = © il (gl < M,

where | now H, > ﬁwauni

Disadontoge = 141, shovld be “small”
Advanloge : No wrov_,Cf margin ANQJ needs Yo

be ‘raded-off for bourded distutonwes.

- ConUDIWG:  REMPRES N THE CASE. OF RBouiNDED

 DASTORSAMICES :

e PRoovper DISTURBANCES WILL NOT PesTRoOY

GlLorAL BouNDETAESS of THE ADPAPTIVE

CLOSED LooP ., THe SIGMNAL BoolMDS HoweweR

MAY BRECOME EXCESSivELd LARGE  EVEN
\¢ THe sSize ofF The TDisturshnce is o)
mﬁmzmSamn : THe CLOSED Loof SMSTeM 1S

NON LiNeAR ).

e [ven  PeATIVELY SHALL DISTURBANCES
MAY  PRODWCE BURST TPUHenOMENA,
@ COMTRARY TO  ONMODersd DYnARCS ,

_ 1 Tde  WORST EFRCT OF “DISTURBANCES

... _Tokes. TLACE IN THE CASes oF INSUFFICIENT

‘ @oécﬁ __exciATioN.

_i_‘_m:.m._t.;ioos_wwofmﬂ Ahe  guleton cone.

7T
e §>

650). e  shoke o e miw*m:., e drven

_ the vnmodeled  dypomics - terma

. O RO

o e e e

D/w0> ,..;&O ».O mmﬂw- .g)\mﬁ,J distubances

femain  non 2ero . The adaptoion is
k?a ng o minimize &
eq= Pw + 4

wesmall ~ d:large S0 Yhak %a&ﬁfn small.

The estmaled pammetrers vyl s ke
festeicked  nside a bounded set  via

291 o-medi Ficakons \Wa.mm%o:o or déad zones .



MoRe

oM DesiGN GUITELINES

Rererence Tovet  WnGs) , Aoxiliony filters DO

DESIGN N ORDER D OBTAIN  GooD  Losed oo P

SENSITIVITY  FONCToNS.  ( NoMIoAL PLANT )
- —t
(Vxce) , (1+ce) ce

IWTERVAL Hodets * ey  ReComeenpep

ToR TDISTWRBANGE ATTEUATON |

CAuTiON SHOULD BE  IMPLEMENTED  WITHOUT

\I\\l
ATTECTING THe TRELATIVE TDEGREE ofF THE PLANT.

G4 (=)

Ce§. AuaMeT THe PLANT by
LCs

L) © lokermal Model
Q) - Hurwitz Polynomial

1 Deg (@,) = Deg (L)

2. Deg CL) = as small ap possible  n order
fo teep +he dimension &f the
parameter space. small -

DiMaNSIoN OF THE CONTROLLER + PARAMETER SPACE

Cindicectly defermined by e assumed omler ¢ By )
n general  should ke Yept  low.

|
|
.
|

TRATL-OFF e T m SkJ

(A) FASTER ADAPIATION 3 LOWER EXCGITATION

BETTER-BERAVIOR WRT DiSTURRANMES
AND A& TXED Sme OF DYNAMIC
U NCERTPANTY. ™

REQUIREREVTS 3

(=) ANCReASED  DYNARIC  UNCERTFR ITY.

A BXe OF TRORB : . ..

Select  THe  ORDeR of T.() Az To ontin

(R SoMe  RERAMETER VECTOR) A GOOD  APPROXIMATION

e BE__P(S) N THe Low | FREQUENCY RANGE

291

o (TYPICALLY. _RELATED TO THe Fre@uency CoNTEVT

- Use

OF THe REFERENCE 1LPUT ).

. ® ADAPTATION

Yy

e RESTRICT THE PARANMETER SPACe -1}

- modiBcokons \ﬂ&wmn‘ijW
EXTERNAL INEORMATION T oTAN A “cooo”

esTiMATE OF THe PARAMETRIC ONCERTAINTY SeT

AT THC CURRENT OPERATING GCoNDITIoONS



&5 Fom  physicol  magels |

OM Yre f_5m0.7wr7*03 P“vm.ax.,éfo,b ?.vou
moy  be affeckea
C extermnal

are avoliloble for mesuement .

tenperodue ,  Mach - nombers | %505203&% lnu

Soch informadion 1s typicdly used to
defermine  the paromeler  seftigs o a Gain-
Sdheduling conboller. In 4he odoptive aume ¥
v be used Yo produce  an eskimake & ®

mmawmﬂ n the indired - adaphive nOBfl ,.,.uohmu.

Adoprahon  w il 4hen produce  a Swmrnwsymml\f.,

design  since “soccesshul control © does not

Ely no\slmkmf on  the informabon  from  such
Sensofs  an  Goun - scheduling does .
- Dead =zoney - mﬂvm@&f \mOﬁ distyrbances

( Absoluke  dead mo_gmw/Y mwmmmsic_.u Fne only

200

Hhe porometen

by exbernal signols whioh

means owuldole 4o prevent bursts i live

adoghive  confrollers .
adoptive controllers  whoye gain

N 4
Elive” MEQNING

does rot g0 Yo @ an - o)

R G@,v@)&,vm on the. ,ua_orﬁ.j _ el dead zones

TR
Pl

: w%ﬁ 08;.@ ‘ mbg wag,of .

‘dgumo«ﬁ- +?mmfo§w w:odi‘ nok  be ‘oo

. comervobive.  (lnsrabiliby i3 jusk around #he comec ! )

2301

= Nomalize sigole

. .wn\,.mnw ‘ normolizadion

weaghfs  and pole acoding o the problem.
Althaigh  normalirofion  will | in gererol; deareane
the speed of adoptabion and  produce worse
lronsients  tnese  problems  may be pactially fixed

VJ using
ke Yhan

leant-squars  ypes o} algorHhma

simple gradient schemes.
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Leash SQUOES VS, wﬂo@u ent Mo speed Up
Poometer  convergence by o dfactor of 100 L.
choﬁm_ 5 Leant Squares  with  Covariance

selting  ard or.  Cowrionce modificokions

| should be  ysed " oamq +d “va\m‘ ) .?m.o:%m?m

gon from  xding o zero. (Bodson OSQMDWV:\:J ,

Also ,  allemolive  estimation  “Yechniques ace

awiloble T ncrease  the speed o adaplafion

and  shorden oﬁ@m*ofoﬁ tromsients ‘m.w‘ we A 1

muliiple models et Tor details  see

| Notendra + Annaswamy 1 ond  references fhere in.
Some  Improvements  of “he overall design may be
obrained — deperding on *e specific problem—
by  monitoring e level of excifation  or the

fchnes o the input signal  and  switdiing

adaptation 6N and off DQOR&%_%, (Low order

nominal  planks Y.

As o Hrol rmatt  4ne design o adaptive
ontollers  sheuld not be  considered ans a
pavaceq . |4 may help Yo improve ﬂmu\lmOQsDSg

ard stobilily  for plants with lage voromeltic

. ond small sm?mﬁagmﬁaﬁ 658\185_,.&‘ and lor

mff Yrme ~varying  pocameters . but  extensive work needs
4o be done n order o guaronke Mok he

.Camv.,a,o/m eflects S Q%QW*QI% will be auvoided.




SOME CoMMENTS oM |(NDIRECT ADAPTIVE we  may comtruck  the  esbipalion ecoc

CoONTROL =sCHEMNES = mil Ye = W,z +

ijmé\m,\ z = W4
The L,.c/.v,u,,n\or/ Vfoﬁﬁnufmcwag struclue of an de = P "

N

the estimate 4Pk >3 P= PP«

gv2l

indieck  odoptive conwoller ©
N . due % V»cxwmvw.&w

ve
r : W khe states ¢ the awdlony Wentificodion
A Llken mvwnmulj we ,mnwlnﬂJ Ye
w With DO = del (T ).
:5&:.?09?051& ‘ | e Pa@meters m e Updoked oy

Q

P=p= —ydBS8W - oyp

The rominal plant  porameters  p* ar  identified | _Iﬂu.\s V.L
y24

Using one of the standard  estimation algoritms | Your {fovorite wodi FcoRons
| - deod zones [Fixed - relahve)
as shown n prvious  dectures. ~ smootn Projeckions  (sofk- hard )
Tor example,  storfng with the plant deseription | we : Nomalxing signal = #= Lym + 2N+u?4~+\
o ot (€gordt ﬂaf/v
%= =Yt ST A By, + Bayp s-t. \_\NN\S IS LR.

As it " e o _
where 3D = DDy W woo prngusly  discussed i o any Simi la”
He Nomal Plad  rawdfer funcbion estimarion  algeidhm (LS - Covarumce fEsebrong )
. P
=0t Dy, Az 2table fackr perturbatioma 30%
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AQuarantees e boondedness ot P, W and

% T (\ to+T )
2 2
- & = C + 5\
T n I Wo dead Zones
o+ T G+T
Hw BT = c+ y2k J
o 2
&2 £ M, +e 5 tzd, Wl rlofie dad-zne
(J

where : M, is +the deadzone hreshold st uf < Iﬂ.ﬁ.
3..

€  arbifran f |
to . suff. _Dﬁmm

~.mt < d, +e

Pel, , B0

<
“'N

3 1 2 +0 CC~ TXWQ ﬂngoﬁ%v

dead zone
where = dy i the dead Tne  theskddd sk Ml =d te
e : arbifradly small | o suff. large.

(ie. Bed dead 2ones shad be Ued Wit bounded
i vhuroven)

Thos,  the ﬂ,Osr S mmmmom.zof described oy

Ye nmcc+ €4 31

of , Converbing to stk space , e

plant is destribed by

x=  A(BYx + B(EYup tg(f) e,
Yo = C(f) %o+ g,(Pe, &)

whidh 8 a Hwme vanying sqstem  decriphon

i terms ew Hhe  kyowm

T&Q?m*m.ﬁm m )

Nobce Hok e Plant  reprsentotion

(%) is wel defined snce 5,8 o LR.

(due 4o vomalrokion + projechon ) avd

holds Imespechive of the boundedness o

Ue » Je-
ln other words  the

denhificakion problem i

decoupled.  from  the contl problem.
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to be done s o

dlant
x= AEY% + bBlup 3 yp=c®Ix ()

Hence ,  whal  @emains

design = Up o shbilize the

and  guarontee  boundedness  wet  the  perfurbations

| @»fm¢ €, and mpﬁvdm,.
~Consider o  fixed ocder nbaﬂmsmo..foﬂ

W= F@w + q,8)y

» &) | (
|

we hae an algonthm ¢ |
o= £(8) s ,

U= qe(®w + e,m@,vmm

ond suppese  thal

A

N ogiven B, aleolate

.m : h:vmf._*w anfSﬁOwa o _
“froren”
sudn trat  the closed loop sptem (D+(2) is Es,

with  stobilily  morgin 3 () 2 8 > 0.

¥ [ differentioble  is desired but not necessary
304

or exomple , @iven  the plot Y ad P,
the  cowpensator Q) -ad 6~ can be speci Ged
Tr» mGrc.:)w o La (r/ ﬂWﬂv

or HRC

o pole- placement

problem an He problem

ov , Even

(olMrough the latter rquirs o lot more  computatia
whick should e performed on Uine ). |

Tre“catdh” is ol © wost be cavputable
trom P for any possible i:m‘&.m
Corsider  for cauple e plad B = %9 aud
soppoe. Yok the  vedor wum@ is  updaked on e
0 on estmale of  p= Aw%. A TPC woold tew ke
f We fom  wp- - Ky 5 K= Goox e
B

m MUST  be nomero  in oder to akulafe K

The awilable  estmedion schemes | howeier,  povide no sl

B+Y=0 for ssme t s posmble 1o occur

@ASRS_amw .

or |, evew | mTv\wO s Ao os.
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A
[ the more gneral e, © can te

mﬁﬂﬂmww& axs

S, 8 = A

* * NIQIT@ Q?ﬂfc}baﬂm
whee S, is She  Svlvester makeix o} +he

eshimated plant e, S, depends on m\%mi.

—

To sove for 8 , Sy wmost be nonsingtlr

ond , o Faan Haak, ~Pmrﬁ,m.¢‘ ZC >0
¥ ot

)

(ofrerwise B will not e C.W.J

For s Yo hold  +he esBmaoked plant nust

2e ,,m_:.O5mf\\ controllable and Ovmm,?\or.rm‘

ot eoch Hime t.

Assoming  Hhak ELNMLF zc >0, the

clored loop can e pot wm dwe form
Xe=  A(pw) + B(s@) [ ]
Where ¢

ae  external Wmputs  including

g, : the estimohion eror + uncertainty condnbutions

2

>m\v ,OO

\«w ®©  ond

ore mafricey depending om

5= (3.

and for ecodh fRxed Hme t | the
A (B@) s ES.

-now -~ consfont  mednix

It follows  (see prvious hondouks) ot Hue
Ywe-Vomying  watix  A(FG) il be &8,

if Ac(®)) is LR,

Re l \ymm}ﬂuw £ -3,<0

1. sup  wmax

+ L
AWD ¢o..“.ﬁ .
= 2. :?__ £ C 4pp T
to
%Oﬂ wC.mm. MBQ: M-
l.e. 3 3 W“EA\QVIV HuN.hN«lllV Es. of

the TV mamx A

Note  ¥nal 1 is wplied by dhe assumptions
Hral TVL S _ zc >0 and the stabilizing
PPy of e Comtol law  while 2 15 lwplied



by : $~\3 bovnded — and - ¥ subf. seall if m,mwtv nstont.  Thal is, +he closed loop system
o dedrore isosed— AND the assompRon Hod n be expressed as an LTT system with

b= LB is Upscih i B, an L perhorbotion due b b ond a slak-
, dependlent vmlcq.woros & ~ pim

n Hhis case  the Bvc.i uEF.?I v.dvm.)r

¥ s now & quite wrénﬁ??ﬁ& Tdnmm%w o
mh*owvfwr 0259&5&5 dﬂsw .rkw .w‘mn lemmo., ond

Oh I>m Qow& ﬂoov wpﬁwwmq: are Qm.rm.dé;o, Tc_
.mJE ZSw

%&wﬂn . “ those o the ,oa%: (1T1) system 4 +2

‘ Hﬁ& 0+ Nan .
9\3 \n . p,” Et\,v&.UCSm F &.M?nmmfn&nc\&mn
M Sofficiently amall. : w A . o

. ap f(p), determives +he desired controller
(Foc delails, e Hiddiclon & al. Design Inven v -
W Mophve Conbol ¢ leee AC 1ag%)- for e plont  Eo(s;p), t

adaplive confoller  will be able to tolerate

KM ARKS
uncertainty  of size  fay st..

# |n the dead zene e &.I«O and the cloed
pr _Sh YS.HQWV_

loop system behowes more ond more ao an LTI | pepP

system as t=e. [} can te s Hal if where  pe (B) i He wnerfunby  blerated by
m‘ﬂ 4 u+ 5 ; p<e  and  +he dead 2o | the clowed loop o Po(s;F) and the corresponding
theshold (s selected  shrictly greader than u desired LTI conholler.

212 213
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For

tnf Ts.nmwu fo be nenrero,

per

P, the set of porometric. uncertainhy
shovld  not 85*95 or be &,v.:a:f cloe 1o

ncan ?c:c[m of

mo_s.rn where B mw plis

§o_u§<92m

" :4 HKies DL >0 is a °sknderd’ condition
pe P |

and a typical problem ¢of indifect adaphive

schemeg

cose  where  the prblem is crcumvented by estimating

) direct G ),

(it does not appear in the: clirect HRAC

!

Presently , the following solyFiem

are avoilable:

1.

pr € P ond  diam P: suff.small.

- : e o p. RS

i

g5

“available” m will coverge

-2. £ PE s
b a rsidual set P, st poe mw and
diom R, = OQL.. |
. et 8, ()] 2¢ 50

s for suff. mEn.h: .\c , o

T T

=T,

¥y ¢ large enough.
In Hus care, it can te shoum tha:r & bop

boundedness is preserved by calevlabing the

" Contoller - porumeters  an

[
= f(B) 5 whenever (deb S (P12
2
/
Selected
QWBQ.).
A NN .
. dN.an
and  k{ : ldetr S(PYlzc

i)

L Note Hal due o PE and for wosugt

Smali T4 o laer s, e

T .J‘lm. 3 ags m..w .“ .
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-3 . Middleton's approach : Use
estmators© fo estimate .. P in severml
Convex closed boonded sels 7 i=1,2.. N

st 3i: peP.

6 = um:w,.v where { is determined by a

suifable criterion s.t 055. a Bnite numBer

of Switchings behween sets (R) wsll occor
(  however , N may  be stmu. o

see details in Middlelon's

paper.

OTHER REHARLS

2. Bovnaded

1. TRACKING  PERFORNANCE,  OF INDIREGCT  SCHEMES

Use ineral maodeis.

Dig hurbaaves As fn MRAC Care.

. . v ) .
A= < 2 J8&mMmu.

3N

uﬁg\ 2.

3 m 1. - A -~ ]
Meitvanaocie Plants

it

(MiMe Caxz ),

The indirect adaphive control ase ic a straight foruove

&lension g the Siso plant analysis.

Dirct  IMRAC | however, RQUUIES ot invelved

Canclitione \wmn. \mﬁw. in Zggﬁ*xazm\uﬁgv.

Discrelte Hime  Systemas .

A mOs%K«mLCM analogoun oSDfﬁw Can be
performed  in the case o discrele He adaphive
85*3& . .wf,b

excellemt reletorke for HAY @ee i
Goodwan + Sin - AdapHive \.m.:dlsw Preclickion  aud
Contrd,

Penhce tall .
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